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Abstract
We study the perturbative unitarity of scattering amplitudes in general dimensional reductions
of Yang–Mills theories and general relativity on closed internal manifolds. For the tree ampli-
tudes of the dimensionally reduced theory to have the expected high-energy behavior of the
higher-dimensional theory, the masses and cubic couplings of the Kaluza–Klein states must sat-
isfy certain sum rules that ensure there are nontrivial cancellations between Feynman diagrams.
These sum rules give constraints on the spectra and triple overlap integrals of eigenfunctions of
Laplacian operators on the internal manifold and can be proven directly using Hodge and eigen-
function decompositions. One consequence of these constraints is that there is an upper bound
on the ratio of consecutive eigenvalues of the scalar Laplacian on closed Ricci-flat manifolds
with special holonomy. This gives a sharp bound on the allowed gaps between Kaluza–Klein
excitations of the graviton that also applies to Calabi–Yau compactifications of string theory.
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1 Introduction
Since the work of Kaluza and Klein [1, 2], the idea of compact extra dimensions has been pervasive
in physics. A simple higher-dimensional theory containing only a few degrees of freedom when
placed on a product spacetime with a compact internal manifold becomes a complicated tower of
infinitely many degrees of freedom when looked at from the point of view of the lower-dimensional
spacetime. The masses of the particles in the towers are determined by the eigenvalues of various
Laplacian operators on the internal space and their couplings are determined by various multiple
overlap integrals of the eigenfunctions.
If the higher-dimensional theory is General Relativity (GR), i.e., an interacting theory of a
massless spin-2 particle, then the lower-dimensional Kaluza–Klein (KK) theory will contain a tower
of massive spin-2 modes whose masses are determined by the eigenvalues of the scalar Laplacian on
the internal manifold. These massive spin-2 modes will be fully interacting, with their interactions
determined by higher-dimensional GR. It is difficult to directly construct an interacting theory of
a massive spin-2 particle whose tree amplitudes are well-behaved at high energies. This difficulty
shows up in the scattering of the longitudinal modes, which do not decouple as in the massless
theory and typically have the worst high-energy behavior. For example, naively adding a mass
term to GR leads to a theory in which the tree amplitude for scattering the longitudinal modes
of four gravitons grows with the center-of-mass energy E as ∼ E10, thus violating perturbative
unitarity at a relatively low scale [3]. This can be improved to ∼ E6 by carefully choosing the
interaction terms [3–5] to be those of the de Rham–Gabadadze–Tolley (dRGT) theory [6] (see [7, 8]
for reviews), and this is the best that can be done with a single massive graviton [9, 10], even when
including a massless graviton or any finite number of additional vectors and scalars [11, 12].
The massive gravitons that arise from KK compactifications are an exception to these constraints.
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In GR in any dimension, the four-point graviton amplitude behaves at high energies as ∼ E2. Since
the dimensionally reduced KK theory with all of the massive modes kept is just a rewriting of the
higher-dimensional theory, the lower-dimensional amplitudes should also behave as ∼ E2 at high
energies where the infrared effects of the compactification are negligible. Thus the infinite tower
of massive gravitons and other modes, with the specific interactions dictated by the KK theory,
should somehow evade the bounds present for a single massive graviton. In this paper, we will
study the interactions among the particles in the KK tower and calculate their amplitudes to see
exactly how the infinite tower with the specific KK couplings achieves the improved high-energy
behavior. We will be able to see how it works for a completely general compactification on any
closed smooth manifold.1
In more detail, when gravity is compactified on an internal manifold N , the spectrum of the
resulting theory on the lower-dimensional spacetime M contains a single massless spin-2 graviton,
corresponding to the zero mode of the scalar Laplacian, a tower of massive spin-2 particles with
masses given by the non-zero eigenvalues of the scalar Laplacian, a tower of vectors corresponding
to the transverse eigenmodes of the vector Laplacian on N , and two towers of massive scalars,
corresponding to eigenmodes of the scalar and Lichnerowicz Laplacians on N . In Figure 1 we
show this spectrum together with a schematic representation of the tree amplitudes of four massive
gravitons in the KK theory.
massless graviton:
tower of massive gravitons:
tower of vectors:
two towers of scalars: ,
Figure 1: The spectrum of GR KK reduced on a general closed Ricci-flat manifold and a schematic
representation of the four-point tree-level massive graviton amplitudes.
1The case of compactifications on a one-dimensional manifold has been considered recently in Refs. [13, 14].
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The amplitudes for the longitudinal modes have a high-energy expansion which starts at E10,
A = α10E10 + α8E8 + α6E6 + α4E4 + α2E2 + . . . , (1.1)
since this is the generic scaling of a massive spin-2 amplitude. The coefficients αi are combinations
of the various kinematic factors and couplings that enter the Feynman diagrams. In the KK theory
the coefficients α10, α8, α6, and α4 must all somehow vanish, since the high-energy behavior should
be improved to ∼ E2 to match the higher-dimensional theory. As we will see, the canceling of these
coefficients and the resulting softening of the high-energy behavior of the KK theory occurs due
to various nontrivial sum rules that must be satisfied by the masses and couplings. These masses
and couplings are in turn determined by geometric data of the internal manifold consisting of the
eigenvalues and overlap integrals of eigenfunctions of various Laplacians on the manifold.
There is an analogy between this geometric data and the data describing a Conformal Field
Theory (CFT) that we will find useful to keep in mind. Consider the collection of real eigenmodes
OI of the various Laplacians defined on N , which satisfy eigenvalue equations of the form
∆OI = λIOI . (1.2)
In addition to the eigenfunctions of the scalar Laplacian, this also includes the eigenmodes of
Laplacians acting on higher-rank tensor fields, such as the Hodge Laplacian on transverse p-forms
and the Lichnerowicz Laplacian on transverse traceless symmetric tensors. The analogy is that
the eigenmodes OI are like CFT operators and their eigenvalues λI are like the conformal scaling
dimensions of these operators.
Taking the analogy further, we can think of integrals over N of products of eigenfunctions as the
analogues of CFT correlation functions. For example, the eigenfunctions can always be chosen to
be orthonormal, ∫
N
OI1OI2 = δI1I2 , (1.3)
which is analogous to the statement that CFT two-point functions can be diagonalized. We can
similarly form “three-point functions” as triple overlap integrals∫
N
OI1OI2OI3 ≡ gI1I2I3 , (1.4)
and higher k-point functions ∫
N
OI1OI2 · · · OIk ≡ gI1I2···Ik . (1.5)
We can also consider integrals involving covariant derivatives acting on the eigenmodes, which are
analogous to correlators of descendant operators in the CFT.
The eigenfunctions we consider are complete, i.e. they form an orthonormal basis for the associ-
ated spaces of functions on N , so we can write normalizable fields as linear combinations of them.
In particular, in the cases we consider we can expand the product OI1OI2 of two eigenmodes as
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a sum over eigenmodes, with orthonormality implying that the coefficients in the expansion are
three-point coefficients (1.4),
OI1OI2 =
∑
I3
g I3I1I2 OI3 . (1.6)
This is analogous to the operator product expansion (OPE) of a CFT. The higher-point functions
(1.5) with k ≥ 4 can all be reduced to sums of products of three-point coefficients by repeatedly
using (1.6), so the eigenvalues λI and cubic couplings gI1I2I3 constitute some of the basic geometric
data of a manifold.2 For example, the quartic coefficients gI1I2I3I4 can be written as
gI1I2I3I4 ≡
∫
N
OI1OI2OI3OI4 =
∑
I
gI1I2
IgI3I4I , (1.7)
where we use the Wick contraction notation to indicate that we expand the indicated pair of fields
using (1.6). We could also have expanded in the other channels,∫
N
OI1OI2OI3OI4 =
∫
N
OI1OI2OI3OI4 =
∫
N
OI1OI2OI3OI4 . (1.8)
There are thus multiples ways to write the quartic coupling in terms of cubic couplings, which give
associativity relation constraints on the cubic couplings,
gI1I2I3I4 =
∑
I
gI1I2
IgI3I4I =
∑
I
gI1I3
IgI2I4I =
∑
I
gI1I4
IgI2I3I . (1.9)
These are analogous to the associativity relations in a CFT, upon which the conformal bootstrap
is built (see [16] for a recent review).
In the KK theory, the kth overlap integrals determine the k-point couplings among the various
modes in the KK towers. As we will see, the various associativity relations satisfied by these overlap
integrals, and hence by the couplings, are equivalent to the unitarity sum rules and so they are the
mechanism behind the improved high-energy behavior of the tree amplitudes in the KK theory.
Since we have the freedom to compactify gravity on any Ricci-flat manifold, the sum rules must
correspond to universally true, purely mathematical statements about closed Ricci-flat manifolds,
and hence they can imply various nontrivial mathematical facts about such manifolds.
For example, we will find that the sum rules imply that the ratios of consecutive nonzero eigenval-
ues of the scalar Laplacian on a closed Ricci-flat manifold with nonnegative Lichnerowicz eigenvalues
are bounded above by four,
λk+1
λk
≤ 4, (1.10)
2The conformal dimensions and OPE coefficients completely determine the CFT, so it is natural to ask whether a
smooth manifold is determined by the geometric data of eigenvalues and cubic couplings of, say, the Hodge Laplacians.
It is known, for example, that the eigenvalues of the p-form Laplacians do not by themselves uniquely determine a
manifold, since there exist manifolds that are p-isospectral for all p [15]. It would be interesting to know if including
the triple overlap integrals does provide sufficient information to uniquely determine a manifold.
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where λk is the k
th nonzero eigenvalue. This bound is new as far as we know and applies to all
known closed Ricci-flat manifolds. It implies that the gaps between the massive spin-2 excitations
of the graviton cannot be large relative to their masses, a result that also applies to the low-energy
limits of smooth Calabi–Yau compactifications of string theory and G2 compactifications of M-
theory. If there were such gaps, we could integrate out of all the KK modes above some fixed scale
and obtain an effective field theory with a finite number of massive modes and a strong coupling
scale that is parametrically larger than their masses. However, Eq. (1.10) implies that we cannot
obtain effective theories of bi-gravity [17] or multi-gravity [18] in this way.3
We emphasize that both the higher- and lower-dimensional theories are effective field theories that
become strongly coupled at some ultraviolet (UV) energy scale. An apparent puzzle is how the cutoff
scales of the theories match in different dimensions.4 For example, the lower-dimensional massive
spin-2 amplitudes behave as well as GR amplitudes and so they seem to become strongly coupled
around the lower-dimensional Planck scale, rather than the expected higher-dimensional Planck
scale. The resolution is to consider amplitudes involving states that are normalized superpositions
of all states appearing below the cutoff, as in Refs. [13, 22]. Such amplitudes have the same energy
growth but are parametrically larger than amplitudes for single-particle states, since there are
parametrically many particles below the cutoff, and indeed become strong at the higher-dimensional
Planck scale.
A similar story goes through if we start with a higher-dimensional non-abelian Yang–Mills (YM)
theory. Dimensionally reducing gives a lower-dimensional YM theory coupled to an infinite tower of
massive adjoint vectors plus a tower of adjoint scalars. Generically, the four-point tree amplitudes
of longitudinally polarized massive vectors grow like ∼ E4 at high energies,
A = α4E4 + α2E2 + α0E2 + · · · . (1.11)
However, to match the high-energy behavior of higher-dimensional YM theory, the massive vectors
in the lower-dimensional KK theory must have tree amplitudes that are bounded at high energies.
This implies the existence of sum rules that cause the coefficients α4 and α2 to vanish. For YM
theories there is no restriction on the internal manifold, unlike for gravity where the internal
manifold has to be an Einstein space, so these sum rules must apply to any geometry. The spectrum
of the KK theory and the massive vector amplitudes that must realize these cancellation are shown
schematically in Figure 2.
The rest of the paper is structured as follows: in Section 2 we study scattering amplitudes of
dimensionally reduced YM theory and in Section 3 we study scattering amplitudes of dimension-
ally reduced GR. In each case we start with the higher-dimensional theory and perform a Hodge
plus eigenfunction decomposition of the fields, which allows us to work with general internal man-
ifolds. After dealing with the gauge freedom, we find the relevant lower-dimensional interactions
by integrating over the internal manifold. The resulting vertices are then used to compute various
3However, they can be obtained from discretized extra dimensions [19].
4The matching of counterterms in higher- and lower-dimensional theories is considered in Refs. [20, 21].
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massless vectors:
tower of massive vectors:
tower of scalars:
proportional to  a1a2 . For the cubic interactions considered later we need to define two more triple
integrals,
 i1i2i3 ⌘
Z
N
(@nYmi1   @mYni1)Y ni2Y mi3 , (2.23)
 a1i2i3 ⌘
Z
N
 a1Y
n
i2Yni3 . (2.24)
To calculate amplitudes we need the various cubic vertices obtained from these interactions, as
shown in Fig. 1. The vertices with all momenta incoming are given by
V(1A1a1A 2A2a2A 3A3a3A ) = gDfA1A2A3 a1a2a3 (✏1 ·✏2 ✏3 ·(p1   p2) + ✏1 ·✏3 ✏2 ·(p3   p1) + ✏2 ·✏3 ✏1 ·(p2   p3)) ,
(2.25)
V(1A1a1A 2A2a1A 3A30A ) = gdfA1A2A3 (✏1 ·✏2 ✏3 ·(p1   p2) + ✏1 ·✏3 ✏2 ·(p3   p1) + ✏2 ·✏3 ✏1 ·(p2   p3)) ,
(2.26)
V(1A1aA 2A2aA 3A3i3  ) = 2igDfA1A2A3 a1a2i3 ✏1 ·✏2. (2.27)
A3
A1, a1
A2, a1
A1, a1
A2, a2
A3, i3
A1, a1
A2, a2
A3, a3
Figure 1: Three-point interactions involving at least two massive KK vectors.
2.2.3 Quartic interaction
We also need the quartic interaction of four KK vectors, which is given by
LAAAA =  g
2
D
4
fA1A2AfA3A4A a1a2a3a4A
A1a1 ·AA3a2AA2a3 ·AA4a4 , (2.28)
where we have defined the quartic coupling
 a1a2a3a4 ⌘
Z
N
 a1 a2 a3 a4 . (2.29)
The corresponding vertex is depicted in Fig. 2 and is given by
V(1A1a1A 2A2a1A 3A3a3A 4A4a4A ) =  ig2D a1a2a3a4
h
✏1 ·✏2 ✏3 ·✏4
 
fA1A3Af
A2A4A + fA1A4Af
A2A3A
 
+ ✏1 ·✏3 ✏2 ·✏4
 
fA1A2Af
A3A4A   fA1A4AfA2A3A
   ✏1 ·✏4 ✏2 ·✏3  fA1A2AfA3A4A + fA1A3AfA2A4A  i.
(2.30)
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A = +
+ +
AA 0µ
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Figure 2: The spectrum of a YM theory KK reduced on a general manifold and a schematic
representation of the four-point tree-level massive vector amplitudes.
four-point amplitudes, from which we deduce sum rules by imposing that the high-energy growth
matches that of the higher-dimensional theory. Some general consequences of these sum rules are
then discussed before we show how to derive them directly from geometry. We also discuss some
explicit examples of manifolds to demonstrate explicitly their consistency with the sum rules and
their consequences. We conclude and summarize our results in Section 4. Some known results
about the eigenvalues of the scalar Laplacian are reviewed in Appendix A.
Conventions: We use the mostly plus signature convention, (−,+,+, . . .). The lower-dimensional
spacetime M has dimension d > 2, indices µ, ν, . . . , and coordinates xµ; the internal space N has
dimension N , indices n,m, . . . , and coordinates yn; and the full spacetime is their productM×N
which has indices M,N and coordinates XM . We use the Einstein summation convention for the
various spacetime indices and for YM color indices A1, A2, . . ., but not for the indices a1, a2, . . .,
i1, i2, . . ., and I1, I2, . . ., which label states in the KK tower.
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2 Yang–Mills theory
In this section we consider the perturbative unitarity of scattering amplitudes in a general dimen-
sional reduction of pure YM theory on a closed manifold down to a lower-dimensional flat spacetime.
The case of a single compact extra dimension has been studied previously in Refs. [22–27].
2.1 Higher-dimensional theory
We start with a pure YM theory of a compact gauge group on a D-dimensional background space-
time that is a product of d-dimensional Minkowski spacetimeM and an N -dimensional Riemannian
manifold N . We take N to be smooth and compact without boundary, i.e. closed and with no
defects or branes. We also assume that N is connected and orientable. The full metric is
ds2 = GABdX
AdXB = ηµνdx
µdxν + γmndy
mdyn , (2.1)
where xµ are coordinates onM, ym are coordinates on N , ηµν is the flat metric onM, and γmn is
the general curved metric on N .
The YM Lagrangian is
L = −1
4
√−GFA1MNFMNA1 , (2.2)
where A1 is the color index and the field strength is
FA1MN = ∂MV
A1
N − ∂NV A1M + gDfA1A2A3V A2M V A3N . (2.3)
Here gD is the D-dimensional gauge coupling, which has mass dimension [gD] = −D−42 , and fA1A2A3
are the completely anti-symmetric structure constants of the gauge group. Color indices are raised
and lowered with δA1A2 . The action is invariant under the gauge transformations
δV A1M = ∂MΛ
A1 + gDf
A1
A2A3V
A2
M Λ
A3 , (2.4)
where ΛAj are the scalar gauge parameters.
Expanding out (2.2) gives the quadratic, cubic, and quartic terms:
L(2) = −
1
4
√−G
(
∂MV
A1
N − ∂NV A1M
)2
, (2.5)
L(3) = −
1
2
√−GgDfA1A2A3
(
∂MV NA1 − ∂NVMA1
)
V A2M V
A3
N , (2.6)
L(4) = −
1
4
√−Gg2DfAA1A2fAA3A4V A1 ·V A3V A2 ·V A4 , (2.7)
where V ·V ≡ VMVM .
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2.1.1 Hodge and eigenfunction decompositions
To integrate out the extra dimensions, we first perform a Hodge and eigenfunction decomposition
of the fields. This is the generalization of the familiar Fourier decomposition used for a single
compact extra dimension and allows us to make the reduction on a general internal manifold. The
decomposition is given by
V AM (x, y) =
( ∑
aA
Aa
µ (x)ψa(y) +
1√
V
AA0µ (y)∑
aA
Aa(x)∂nψa(y) +
∑
i φ
Ai(x)Yn,i(y)
)
. (2.8)
The different terms in this decomposition are as follows. The functions ψa are real orthonormal
eigenmodes of the scalar Laplace–Beltrami operator ∆ on N that have positive eigenvalues λa > 0
labeled by the discrete index a (or a1, a2, . . . ),
∆ψa ≡ −ψa = λaψa,
∫
N
ψa1ψa2 = δa1a2 , (2.9)
where
∫
N denotes the integral over N with the standard volume form
√
γdNy. The zero mode
is given by the normalized constant V −1/2, where V is the volume of N , and is separated out
explicitly in Eq. (2.8) and thus is not included in the index a. The ψa and the zero mode together
form a basis for the vector space of square-integrable functions on N .
The vectors Yn,i are the real and orthonormal transverse eigenmodes of the vector Hodge Lapla-
cian on N with eigenvalues λi ≥ 0 labeled by the discrete index i (or i1, i2, . . . ),
∆Yn,i ≡ −Yn,i +RnmYm,i = λiYn,i, ∇nYn,i = 0,
∫
N
Y ni1Yn,i2 = δi1i2 , (2.10)
where Rmn is the Ricci curvature of N . These form a basis of normalizable transverse vectors on
N . The vectors with zero eigenvalue correspond to harmonic vectors, which are included in the
index i. The number of independent harmonic vectors is given by the first Betti number of N ,
b1(N ).
The coefficients of the eigenfunctions appearing in Eq. (2.8) are functions of x that will correspond
to d-dimensional fields after dimensionally reducing. We discuss them below.
2.1.2 Gauge fixing
We can similarly decompose the higher-dimensional gauge parameters,
ΛA(x, y) =
∑
a
ΛAa(x)ψa(y) +
1√
V
ΛA0(x). (2.11)
At leading order in the fields, the d-dimensional fields AAa transform under this gauge transforma-
tion as
δAAa = ΛAa + · · · . (2.12)
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We can thus partially fix the gauge symmetry by using the gauge parameters ΛAa to fix the gauge
AAa = 0. (2.13)
The ΛAa are determined iteratively in an expansion in powers of the fields from this gauge choice.5
Once this gauge is fixed, the leftover gauge symmetry is the zero mode of the gauge symmetry,
parameterized by ΛA0. This acts on the vector zero modes as a lower-dimensional YM gauge
symmetry,
δAA10µ = ∂µΛ
A10 +
gD√
V
fA1A2A3A
A20
µ Λ
A30. (2.14)
From this we read off that the effective d-dimensional YM coupling gd is given by
gd =
gD√
V
. (2.15)
The remaining fields transform linearly under the adjoint representation of the zero mode gauge
symmetry,
δAA1aµ = gdf
A1
A2A3A
A2a
µ Λ
A30, (2.16)
δφA1i = gdf
A1
A2A3φ
A2iΛA30. (2.17)
From the point of view of the lower-dimensional YM symmetry, these fields are all matter fields in
the adjoint representation.
2.2 Lower-dimensional interactions
We can now substitute the decomposition (2.8) into the higher-dimensional action and integrate
over the internal manifold using the orthonormality of the eigenmodes to find the lower-dimensional
Lagrangian.
2.2.1 Spectrum
Performing this procedure on the quadratic part of the higher-dimensional Lagrangian (2.5) and
using our gauge choice (2.13), we obtain the quadratic lower-dimensional Lagrangian [30],
L(2) = −
1
4
(
∂µA
A0
ν − ∂νAA0µ
)2 − 1
2
∑
a
(
1
2
(
∂µA
Aa
ν − ∂νAAaµ
)2
+ λa
(
AAaµ
)2)
− 1
2
∑
i
((
∂µφ
Ai
)2
+ λi
(
φAi
)2)
. (2.18)
From this we can read off the following degrees of freedom:
5An alternative to algebraically fixing the Stu¨ckelberg symmetry is to form gauge-invariant combinations order-
by-order in powers of the fields, e.g., as in Refs. [28, 29]. The lowest-order gauge-invariant combination in this case
is A˜Aaµ ≡ AAaµ − ∂µAAa. This gets complicated at higher orders, but the net result is equivalent to eliminating AAa.
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1. A single multiplet of massless vectors, AA0µ .
2. A tower of massive vector multiplets AAaµ with squared masses m
2
a = λa, one for every non-
constant eigenmode of the scalar Laplacian on N .
3. A tower of scalar multiplets φAi with squared masses m2i = λi, one for each transverse
vector eigenmode of the vector Laplacian of N , including a massless scalar multiplet for each
harmonic vector.
2.2.2 Cubic interactions
We can similarly extract the cubic interactions from (2.6) after dimensionally reducing. For the
four-point massive vector amplitude we are primarily interested in, we need cubic interactions with
at least two massive vectors, which enter the exchange diagrams as shown in Figure 2. These
interactions are
LAAA = −gDfA1A2A3
∑
a1,a2,a3
ga1a2a3∂[µA
A1a1
ν] A
µA2a2AνA3a3 , (2.19)
LAAA0 = −gdfA1A2A3
∑
a1
(
∂[µA
A1a1
ν]
(
AµA2a1 A
νA30 +AµA20AνA3a1
)
+ ∂[µA
A10
ν] A
µA2
a1 A
νA3a1
)
, (2.20)
LAAφ = gDfA1A2A3
∑
a1,a2,i3
ga1a2i3A
A1a1 ·AA2a2φA3i3 , (2.21)
where A ·A ≡ AµAµ and we have defined two sets of cubic couplings in terms of triple overlap
integrals of the eigenmodes,
ga1a2a3 ≡
∫
N
ψa1ψa2ψa3 , (2.22)
ga1a2i3 ≡
∫
N
∂n1ψa1ψa2Yn1,i3 . (2.23)
The cubic coupling ga1a2a3 is fully symmetric in its indices, whereas ga1a2i3 is anti-symmetric in its
first two indices. Since the gluons AA0µ correspond to zero modes, their cubic interactions with two
massive vectors AA1a1µ and A
A2a2
µ are proportional to δa1a2 , so there is no additional triple overlap
integral for this interaction.
To calculate scattering amplitudes we need the various cubic vertices obtained from these inter-
actions. The full off-shell vertices used in the Feynman rules with all momenta incoming are given
by
V(1A1a1A , 2A2a2A , 3A3a3A ) = gDfA1A2A3ga1a2a3 (1 ·2 3 ·(p1 − p2) + cyclic) , (2.24)
V(1A1a1A , 2A2a2A , 3A30A ) = gdfA1A2A3δa1a2 (1 ·2 3 ·(p1 − p2) + cyclic) , (2.25)
V(1A1a1A , 2A2a2A , 3A3i3φ ) = 2igDfA1A2A3ga1a2i3 1 ·2, (2.26)
where “cyclic” denotes the (123) and (132) cyclic permutations of the first terms.
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2.2.3 Quartic interaction
To compute the contact diagram shown in Figure 2 we also need the quartic interaction of four KK
vectors. This can be obtained from (2.7) and is given by
LAAAA =− g
2
D
4
fA1A2Af
A3A4A
∑
a1,a2,a3,a4
ga1a2a3a4A
A1a1 ·AA3a2AA2a3 ·AA4a4 , (2.27)
where we have defined the quartic coupling
ga1a2a3a4 ≡
∫
N
ψa1ψa2ψa3ψa4 , (2.28)
which is fully symmetric in its indices.
The corresponding vertex is given by
V(1A1a1A , 2A2a1A , 3A3a3A , 4A4a4A ) = −ig2Dga1a2a3a4
[
1 ·2 3 ·4
(
fA1A3Af
A2A4A + fA1A4Af
A2A3A
)
+ 1 ·3 2 ·4
(
fA1A2Af
A3A4A − fA1A4AfA2A3A
)− 1 ·4 2 ·3 (fA1A2AfA3A4A + fA1A3AfA2A4A) ].
(2.29)
This can be further simplified using the Jacobi identity but we leave it in this form to manifest the
particle exchange symmetries.
2.3 Expansion of eigenfunction products
We present here some useful expansions and identities that we will need later. We first define two
more triple overlap integrals that will be needed later,
gi1i2i3 ≡
∫
N
(∂nYm,i1 − ∂mYn,i1)Y ni2Y mi3 , (2.30)
ga1i2i3 ≡
∫
N
ψa1Y
n
i2Yn,i3 , (2.31)
which are antisymmetric and symmetric in their last two indices, respectively. Using the Hodge
decomposition plus the fact that eigenfunctions form a basis, we can always expand the product of
two eigenfunctions as a sum over eigenfunctions with coefficients involving triple overlap integrals.
For example, using scalar completeness we get the following useful relations:
ψa1ψa2 =
∑
a
ga1a2
aψa +
1
V
δa1a2 , (2.32)
∂nψa1∂nψa2 =
∑
a
(λa1 + λa2 − λa)
2
ga1a2
aψa +
λa1
V
δa1a2 , (2.33)
Y ni1Yn,i2 =
∑
a
gai1i2ψa +
1
V
δi1i2 , (2.34)
∂nψa1Yn,i2 = −
∑
a
gaa1i2ψa. (2.35)
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Similarly, using the vector Hodge decomposition and the completeness of eigenfunctions we get
ψa1Yn,i2 =
∑
i
ga1i2
iYn,i +
∑
a
gaa1i2
λa
∂nψa, (2.36)
∂nψa1ψa2 =
∑
i
ga1a2
iYn,i +
∑
a
(λa1 − λa2 + λa)
2λa
ga1a2
a∂nψa. (2.37)
The eigenvalues and triple overlap integrals of eigenfunctions, such as (λa1 , ga1a2a3), constitute
some of the basic geometric data of a compact manifold. As discussed in the introduction, we can
make an analogy to CFT data: the eigenfunctions are like conformal primary operators of a CFT,
the eigenvalues are like the conformal dimensions, and the triple overlap integrals are like the OPE
coefficients. The above decompositions of products of eigenfunctions are then analogous to OPE
expansions.
We can use these expansions to reduce all higher-point integrals to products of eigenvalues and
triple overlap integrals, just as the OPE in a CFT can be used to reduce all higher-point correlators.
For example, the quartic couplings ga1a2a3a4 defined in Eq. (2.28) can be written as
ga1a2a3a4 ≡
∫
N
ψa1ψa2ψa3ψa4 =
∑
a
ga1a2
aga3a4a +
1
V
δa1a2δa3a4 , (2.38)
where we use the Wick contraction notation to indicate that we expand the indicated pair of fields
using the above eigenvalue expansion. We could also have expanded in the other channels,∫
N
ψa1ψa2ψa3ψa4 =
∫
N
ψa1ψa2ψa3ψa4 =
∫
N
ψa1ψa2ψa3ψa4 , (2.39)
so there are two ways to write the quartic coupling in terms of cubic couplings in addition to
Eq. (2.38),
ga1a2a3a4 =
∑
a
ga1a3
aga2a4a +
1
V
δa1a3δa2a4 =
∑
a
ga1a4
aga2a3a +
1
V
δa1a4δa2a3 . (2.40)
Invoking the CFT analogy again, the relations (2.39) are the geometric analogues of the scalar
bootstrap equations derived from OPE associativity. We can similarly find relations involving
spinning eigenfunctions by expanding other quartic integrals in multiple ways. For example, from
the associativity relation ∫
N
ψa1ψa2Yn,i3Yn,i4 =
∫
N
ψa1ψa2Yn,i3Yn,i4 (2.41)
we get the identity∑
ga1a2
agai3i4 +
1
V
δa1a2δi3i4 =
∑
i
ga1i3
iga2i4i +
∑
a
λ−1a g
a
a1i3gaa2i4 . (2.42)
These associativity relations and their generalizations will end up being equivalent to the sum rules
we derive later from perturbative unitarity constraints.
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2.4 Amplitudes and sum rules
We now calculate some four-point amplitudes. We take the d-dimensional momenta to be
pµj (pj) = (Ej , pj sin θj , 0, . . . , 0, pj cos θj), (2.43)
where j ∈ (1, 2, 3, 4) labels the particle, pj is the magnitude of the 3-momentum of the jth particle
and θj is its scattering angle,
θ1 = 0, θ2 = pi, θ3 = θ, θ4 = θ − pi. (2.44)
The energy Ej satisfies E
2
j = p
2
j + m
2
j where mj is the mass of the j
th particle. The longitudinal
vector polarizations are
µL(pj) =
1
mj
(pj , Ej sin θj , 0, . . . , 0, Ej cos θj). (2.45)
2.4.1 Simple four-point vector scattering
We consider first the following inelastic process, where the incoming particles share a color and KK
flavor index, as do the outgoing particles:
AA1a1L A
A1a1
L → AA3a3L AA3a3L . (2.46)
The diagrams that contribute to this amplitude are the t- and u-channel exchange of massive KK
vectors, scalars, and gluons, plus the contact diagram.
For generic masses and coupling constants with the interactions derived above, the high-energy
behavior of this amplitude is ∼ E4. However, we expect that the high-energy behavior should be
the same as for YM in higher dimensions, namely ∼ E0. This implies that the couplings and masses
should satisfy certain sum rules that lead to this improved high-energy behavior.
Indeed, the leading E4 part of the amplitude manifestly vanishes after we use the associativity
relations in Eq. (2.39) to evaluate the quartic coupling, so these relations give our first examples
of sum rules. From now on we will automatically write the quartic coupling in terms of the cubic
couplings using Eq. (2.38).
Setting to zero the subleading order E2 part of the amplitude gives a more complicated sum rule,
4
∑
i
g2a1a3i +
∑
a
λ−1a
(
(λa1 − λa3)2 + 2(λa1 + λa3)λa − 3λ2a
)
g2a1a3a + 4V
−1λa1δa1a3 = 0, (2.47)
where we have removed the overall color and coupling constant factors. The first term comes from
the contributions of the exchanged scalars, the second term comes from the exchanged vectors with
masses m2a = λa, and the last term is due to gluon exchange. If we further set a1 = a3, so the
external particles all have the same KK index, then the contribution from scalar exchange drops
out and the sum rule becomes∑
a
(4λa1 − 3λa) g2a1a1a + 4V −1λa1 = 0. (2.48)
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This has exactly the same form as the sum rule that was obtained in Ref. [25] by considering the
unitarity of amplitudes in YM compactified on an interval with general boundary conditions. Below
we will show how to directly prove these sum rules for any closed manifold, which confirms that
the tree amplitudes describing the process (2.46) are indeed bounded at high energy.
These sum rules have consequences for the spectrum and couplings of the KK theory. From
Eq. (2.48) we can easily deduce something interesting. Since the second term, coming from gluon
exchange, is strictly positive, the sum over a must contain a negative term, which is only possible if
a sufficiently heavy vector is exchanged. In terms of geometric quantities, the requirement is that
for every real scalar eigenfunction ψa1 there must exist some a
∗ such that
ga1a1a∗ ≡
∫
N
ψ2a1ψa∗ 6= 0 and
4
3
λa1 < λa∗ . (2.49)
This bound was pointed out already in Ref. [31] when discussing the lack of a consistent finite
massive truncation of the KK tower of the graviton.
In terms of particle interactions, Eq. (2.49) says that each KK vector with mass ma1 must have
a nonvanishing cubic interaction with a heavier vector of mass ma∗ such that
2√
3
ma1 < ma∗ . (2.50)
By applying the same argument to this heavier particle, we can see that to unitarize its four-point
amplitudes we need an even heavier particle, which then necessitates the existence of an even
heavier particle, and so on, as in the five-dimensional case [22, 25]. This implies that no finite
number of massive modes can decouple from the infinite tower without worsening the high-energy
behavior.
There is a similar bound that follows from the more general sum rule in Eq. (2.47). Namely, for
each a1 and a2 such that there exists an i
∗ for which ga1a2i∗ 6= 0, there must exist some a∗ such
that
ga1a2a∗ 6= 0 and
1
3
(
λa1 + λa2 + 2
√
λ2a1 − λa1λa2 + λ2a2
)
< λa∗ . (2.51)
In terms of particle interactions, this implies that any two massive KK vectors that couple to a
scalar must also couple to a third vector that is heavier than either of them.
2.4.2 General four-point vector scattering
We now consider the general four-point process with longitudinally-polarized external vectors,
AA1a1L A
A2a2
L → AA3a3L AA4a4L , (2.52)
where now all of the color indices are distinct. The diagrams contributing to this process are shown
schematically in Figure 2.
The leading E4 part again vanishes after using the associativity relations (2.39). At order E2
there are four new sum rules, which generalize Eq. (2.47). To find these sum rules we independently
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set to zero the angle-independent part of the amplitude and the part proportional to cos θ. We also
use the Jacobi identity,
fA1A2Af
A3A4A − fA1A3AfA2A4A + fA1A4AfA2A3A = 0, (2.53)
to reduce to two independent color factors. We can write the resulting four sum rules as follows:∑
a
[(λ− λa) (ga1a3aga2a4a + ga1a4aga2a3a)− (λ+ λa) ga1a2aga3a4a]
+ λV −1 (δa1a3δa2a4 + δa1a4δa2a3 − δa1a2δa3a4) = 0, (2.54a)∑
a
λ−1a
(
(λa1 − λa3)(λa2 − λa4) + λλa − 3λ2a
)
ga1a3
aga2a4a + 4
∑
i
ga1a3
iga2a4i
+ λV −1δa1a3δa2a4 + (a3 ↔ a4) = 0, (2.54b)∑
a
λ−1a
(
(λa1 − λa3)(λa2 − λa4)− 3λλa + λ2a
)
ga1a3
aga2a4a + 4
∑
i
ga1a3
iga2a4i
− 3λV −1δa1a3δa2a4 − (a3 ↔ a4) = 0, (2.54c)∑
a
λ−1a
(
(λa1 − λa3)(λa2 − λa4)− 2λ2a
)
ga1a3
aga2a4a + 4
∑
i
ga1a3
iga2a4i − (a3 ↔ a4)
− 3
∑
a
λ−1a (λa1 − λa2)(λa3 − λa4)ga1a2aga3a4a − 12
∑
i
ga1a2
iga3a4i = 0, (2.54d)
where we have defined
λ ≡ λa1 + λa2 + λa3 + λa4 . (2.55)
These are the general sum rules for the four-point scattering of longitudinally-polarized vectors.6
After enforcing these sum rules, the leading nonvanishing part of the amplitude is independent
of energy and can be written as
A(1A1a1AL , 2
A2a2
AL
, 3A3a3AL , 4
A4a4
AL
) =
2g2D
m1m2m3m4
(
2fA1A3Af
A2A4A + (cos θ − 1)fA1A2AfA3A4A
)×∫
N
(
∂ψa1 ·∂ψa4∂ψa2 ·∂ψa3
1 + cos θ
+
∂ψa1 ·∂ψa3∂ψa2 ·∂ψa4
1− cos θ −
1
2
∂ψa1 ·∂ψa2∂ψa3 ·∂ψa4
)
+O(E−2), (2.56)
where θ is the scattering angle and we have simplified using the Jacobi identity (2.53). This agrees
with the result of Ref. [22] for the particular case of an orbifold compactification on S1/Z2, up to
an overall factor due to differing normalizations.
2.4.3 Proving the sum rules
We now show how the remaining sum rules can be proven using the eigenvalue and Hodge decom-
positions to evaluate two-derivative integral identities. As a simple example, we can derive the sum
6We have checked in d = 4 that we get no additional constraints by scattering vectors with transverse polarizations.
This is expected since transverse polarizations lead to softer high-energy behavior, so the perturbative unitarity
constraint is easier to satisfy.
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rule in Eq. (2.47) from the associativity relation∫
N
ψa1ψa3∂mψa1∂
mψa3 =
∫
N
ψa1ψa3∂mψa1∂
mψa3 . (2.57)
The more general sum rules can similarly be derived by evaluating integrals of total derivative
combinations of eigenfunctions. In fact, in turns out that they all correspond to different ways of
evaluating the simple identity ∫
N
∇m (∂mψa1ψa2ψa3ψa4) = 0. (2.58)
A systematic method to verify this is to use the relations in Section 2.3 to convert the sum rules
(2.54) into integrals over N and then check that the variations of the integrands vanish.
2.4.4 Strong coupling scale
A YM theory in D dimensions has a coupling gD with mass dimension −D−42 . For D > 4 this
coupling has a negative mass dimension and so the theory is non-renormalizable, i.e. it is an
effective theory with a strong coupling scale Λ set by the coupling,
Λ ∼ g−
2
D−4
D . (2.59)
We can see from Eq. (2.56) that the amplitudes in the dimensionally reduced theory go to a constant
set by the lower-dimensional YM coupling gd,
7
A(E) ∼ g2d . (2.60)
Thus the theory naively seems to become strongly coupled around the scale ∼ g−
2
d−4
d . However, this
cannot be correct since the dimensionally reduced theory is equivalent to the higher-dimensional
theory and the higher-dimensional theory becomes strong at the much lower scale Λ given in
Eq. (2.59). The reason this scale is lower is because of the relation gd = V
−1/2gD and the fact
that the volume of the internal manifold should satisfy V −1/N  g−
2
D−4
D for the geometry to be
trustable within the higher-dimensional theory.
The way to see the lower cutoff from the lower-dimensional point of view is by considering the
scattering of states that are normalized superpositions of KK modes, as in Refs. [13, 22]. The four-
point scattering of superposed states of n modes gives an additional factor of n in the amplitude,
Asuperposition(E) ∼ ng2d. (2.61)
7This assumes that various dimensionless combinations of geometrical quantities are not parametrically small,
e.g., ratios of eigenvalues or couplings. For this schematic argument we assume that such terms are of order one.
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To maximize the amplitude we should make n as large as possible. From Weyl’s law (A.1) on
the asymptotic distribution of eigenvalues on the N -dimensional internal manifold, the number of
spin-1 modes below the cutoff Λ is given at leading order by
n(Λ) ∼ V ΛN +O(ΛN−1) , (2.62)
so this is the maximum number of spin-1 states that we can scatter. Since the compactification
is only trustworthy when V −1/N  Λ, this number is necessarily much larger than one. We can
determine the cutoff Λ from the condition that the amplitude saturates the d-dimensional unitarity
bound Asuperposition(E) ∼ 1/Ed−4 when E = Λ and n = n(Λ). This gives
Asuperposition(Λ) ∼ 1
Λd−4
=⇒ Λ ∼ g−
2
D−4
D , (2.63)
confirming that the strong coupling scale matches the higher-dimensional theory. The strong cou-
pling scale is thus parametrically lower due to the large number of states in the KK tower.
2.5 Other four-point processes
The four-point amplitude with external longitudinally-polarized massive vectors has the most di-
vergent high-energy growth. Other amplitudes also have growing parts that must cancel, so it
is also interesting to consider four-point processes with different external particles to see if these
give any additional constraints involving the other masses and couplings. Altogether there are 15
different processes to consider, up to crossing.
To compute these amplitudes we need three additional nonzero cubic interactions beyond those
of Section 2.2.2,
Lφφφ =− 1
2
gDfA1A2A3
∑
i1,i2,i3
gi1i2i3φ
A1i1φA2i2φA3i3 , (2.64)
LφφA =gDfA1A2A3
∑
i1,i2,a3
ga3i1i2∂
µφA1i1φA2i2AA3a3µ , (2.65)
LφφA0 =gdfA1A2A3
∑
i1
∂µφA1 i1φ
A2i1AA30µ , (2.66)
where the cubic couplings gi1i2i3 and ga3i1i2 were defined in Eqs. (2.30) and (2.31).
The corresponding vertices are given by
V(1A1i1φ , 2A2i2φ , 3A3i3φ ) = −igDfA1A2A3 (gi1i2i3 + gi2i3i1 + gi3i1i2) , (2.67)
V(1A1i1φ , 2A2i2φ , 3A3a3A ) = gDfA1A2A3ga3i1i23 ·(p1 − p2), (2.68)
V(1A1i1φ , 2A2i2φ , 3A30A ) = gdfA1A2A3δi1i23 ·(p1 − p2) . (2.69)
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We also need three additional four-point interactions,
LAAAA0 =−
gDgd
2
fA1A2
AfA3A4A
∑
a1,a2,a3
ga1a2a3A
A1a1 ·AA3a2 [AA2a3 ·AA40 +AA20 ·AA4a3] , (2.70)
LAAA0A0 =−
g2d
2
fA1A2
AfA3A4A
∑
a
[
AA1a ·AA3aAA20 ·AA40 +AA1a ·AA30
(
AA2a ·AA40 +AA20 ·AA4a
)]
,
(2.71)
LAAφφ =− g
2
D
2
fA1A2
AfA3A4A
∑
a1,a2,i3,i4
ga1a2i3i4A
A1a1 ·AA3a2φA2i3φA4i4 , (2.72)
where we have defined the additional quartic coupling
ga1a2i3i4 ≡
∫
N
ψa1ψa2Yn,i3Y
n
i4 . (2.73)
We do not write explicitly the φ4, A30A, or A
4
0 contact interactions since the corresponding ampli-
tudes automatically have the requisite high-energy behavior.
The corresponding quartic vertices are given by
V(1A1a1A , 2A2a2A , 3A3a3A , 4A40A ) =− igDgdga1a2a3
[
1 ·2 3 ·4
(
fA1A3AfA2A4A + fA1A4AfA2A3A
)
+ 1 ·3 2 ·4
(
fA1A2AfA3A4A − fA1A4AfA2A3A)
− 1 ·4 2 ·3
(
fA1A2AfA3A4A + fA1A3AfA2A4A
) ]
, (2.74)
V(1A1a1A , 2A2a2A , 3A30A , 4A40A ) =− ig2dδa1a2
[
1 ·2 3 ·4
(
fA1A3Af
A2A4A + fA1A4Af
A2A3A
)
+ 1 ·3 2 ·4
(
fA1A2Af
A3A4A − fA1A4AfA2A3A
)
− 1 ·4 2 ·3
(
fA1A2Af
A3A4A + fA1A3Af
A2A4A
) ]
, (2.75)
V(1A1a1A , 2A2a2A , 3A3i3φ , 4A4i4φ ) =− ig2Dga1a2i3i4
(
fA1A3Af
A2A4A + fA1A4Af
A2A3A
)
1 ·2. (2.76)
We can now calculate the remaining amplitudes and look for additional sum rules. We find that
only the processes
AA1a1L A
A2a2
L → AA3a3L φA4i4 , (2.77)
and
AA1a1L A
A2a2
L → φA3i3φA4i4 , (2.78)
give additional sum rules, which arise from setting to zero the E2 and E2 cos θ parts of the ampli-
tudes.
From the process (2.77) we get the sum rule∑
a
(ga1a2
agaa3i4 + ga2a3
agaa1i4 + ga1a3
agaa2i4) = 0, (2.79)
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which can be derived from the associativity relation∫
N
∂nψ(a1ψa2)ψa3Yn,i4 =
∫
N
∂nψ(a1ψa2)ψa3Yn,i4 . (2.80)
The other sum rules from this process can be written as cyclic permutations of∑
a
(
λ−1a (λa1 − λa2 − λa) ga1a2agaa3i4 − 2ga1a3agaa2i4
)
+ 2
∑
i
ga1a2
iga3i4i = 0, (2.81)
which can be derived from Eq. (2.79) combined with the associativity relation∫
N
∂nψa1ψa2ψa3Yn,i4 =
∫
N
∂nψa1ψa2ψa3Yn,i4 . (2.82)
Similarly, from the process (2.78) we get the two sum rules∑
i
(ga1i4
iga2i3i − ga1i3 iga2i4i) +
∑
a
λ−1a (g
a
a1i4gaa2i3 − gaa1i3gaa2i4) = 0, (2.83)∑
i
ga1i4
iga2i3i +
∑
a
(λ−1a g
a
a1i4gaa2i3 − ga1a2agai3i4)− V −1δa1a2δi3i4 = 0. (2.84)
These can be derived from the associativity relations∫
N
ψa1ψa2Yn,i3Y
n
i4 =
∫
N
ψa1ψa2Yn,i3Y
n
i4 =
∫
N
ψa1ψa2Yn,i3Y
n
i4 . (2.85)
2.6 Examples
We now discuss some explicit examples of internal manifolds to see how the sum rules are satisfied
in concrete cases.
First we make a comment on the behavior of the sum rules under Weyl transformations, as this
will be useful for normalizing the geometric data in what follows. Suppose we rescale the metric
γn1n2 of the internal space N by an overall factor
γn1n2 → Ω2/Nγn1n2 , (2.86)
where Ω > 0 is a constant. Then under this rescaling the various geometric quantities transform as
V → ΩV, ψa → Ω−1/2ψa, ga1a2a3 → Ω−1/2ga1a2a3 , ga1i2i3 → Ω−1/2ga1i2i3 ,
λa → Ω−2/Nλa, Yn,i → Ω(2−N)/2NYn,i, ga1a2i3 → Ω−(2+N)/2Nga1a2i3 , gi1i2i3 → Ω−(2+N)/2Ngi1i2i3 .
(2.87)
It can be checked that under these transformations the sum rules transform homogeneously in Ω.
As a consequence we can normalize V to any given value without loss of generality when checking
the sum rules in explicit examples.
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2.6.1 A circle
Consider first the example of a circle, S1, which is the only closed manifold with N = 1. We set
the radius equal to one, so the volume is V = 2pi. The real scalar eigenfunctions ψa can be written
as even or odd trigonometric functions,
ψ2k−1 =
1√
pi
sin(kθ), ψ2k =
1√
pi
cos(kθ), λ2k−1 = λ2k = k2, k ∈ Z>0. (2.88)
These lead to massive vector multiplets in the dimensionally reduced theory. The only vector
eigenfunction on a circle is the zero mode,
Yθ =
1√
2pi
, (2.89)
which gives a multiplet of massless scalars in the dimensionally reduced theory.
We can now find the cubic couplings by evaluating triple overlap integrals of these eigenfunctions.
Since the only vector is a zero mode, we always have gi1i2a3 = 0 due to the orthonormality of the
scalar eigenfunctions and the constant function. From the definition (2.23), we have that the only
nonzero couplings ga1a2i take the form
g2k1−1,2k1,i = −g2k1,2k1−1,i =
k1√
2pi
. (2.90)
For the scalar triple overlap integrals ga1a2a3 , the non-zero cases are
g2k1,2k2,2k3 =
1
2
√
pi
(
δk1+k2,k3 + δ|k1−k2|,k3
)
, (2.91)
g2k1,2k2−1,2k3−1 =
1
2
√
pi
(−δk2+k3,k1 + δ|k2−k3|,k1) , (2.92)
plus those related to these by symmetry.
As an example amplitude, consider the scattering of identical external vectors with even KK
indices, ai = 2k1. The nonvanishing cubic couplings imply that in this process we can only exchange
gluons or an even massive vector multiplet with twice the mass of the external particle. The
corresponding solution to the sum rule in Eq. (2.48) is given by
λa1 = k
2
1, λa = 4k
2
1, ga1a1a =
1
2
√
pi
, V = 2pi. (2.93)
Similarly, if we consider the inelastic process (2.46) with a1 = 2k1 − 1 and a2 = 2k1, then we can
exchange the multiplet of massless scalars plus an odd vector multiplet with twice the mass of the
external particles. The corresponding solution to the sum rule in Eq. (2.47) is given by
λa1 = λa2 = k
2
1, λa = 4k
2
1, ga1a2a =
1
2
√
pi
, ga1a2i =
k1√
2pi
. (2.94)
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2.6.2 Tori
As our next example, consider the square flat N -torus, TN = RN/(2piZ)N , which is the product of
N circles with unit radii. The metric is
ds2TN =
N∑
j=1
dθ2j , (2.95)
where 0 ≤ θj < 2pi. The scalar eigenfunctions are products of the eigenfunctions of the circle, so
we can label them by an N -vector ~a1 = (a11, . . . , a1N ),
ψ~a1 = ψa11ψa12 . . . ψa1N , λ~a1 =
N∑
j=1
λa1j , (2.96)
where ψa1j is a function of θj . The scalar triple overlap integrals are just products of those of the
circle,
g~a1~a2~a3 =
N∏
j=1
ga1ja2ja3j . (2.97)
There are also vector eigenfunctions, but we will only consider an amplitude for which they can be
ignored.
Consider then the amplitude with identical external particles described by a product of even
functions, ~a1 = (2k1, 2k2, . . . , 2kn) with ki ∈ Z>0. From Eqs. (2.91) and (2.97), the nonvanishing
triple overlap integrals are labeled by nonempty elements r of the powerset (i.e. the set of subsets)
of S = {1, . . . , N},
g~a1~a1~ar =
(
1
2
√
pi
)|r|( 1√
2pi
)N−|r|
, arj =
4kj if j ∈ r0 otherwise , r ∈ 2S \ {}. (2.98)
This implies that the amplitude involves the exchange of gluons and 2N −1 different massive vector
multiplets. The sum rule in Eq. (2.48) then becomes∑
r∈2S\{}
(4λ~a1 − 3λ~ar) g2~a1~a1~ar + 4V −1λ~a1 = 0 , (2.99)
which we can explicitly verify by substituting the values in Eq. (2.98).
2.6.3 A sphere
As a final example for this section, consider the two-sphere, S2, with unit radius and the round
metric,
ds2S2 = dθ
2 + sin2 θdφ2, (2.100)
where 0 ≤ θ ≤ pi and 0 ≤ φ < 2pi.
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The non-constant eigenfunctions ψa of the scalar Laplacian are labeled by two indices: a = (l,m),
where l ∈ Z>0 and m ∈ {−l,−l + 1, . . . , l − 1, l}. A real orthonormal basis is given by the real
spherical harmonics,
ψlm ≡

1√
2
(Yl
−m + (−1)mYlm) if m > 0,
Yl
0 if m = 0,
i√
2
(Yl
m − (−1)mYl−m) if m < 0,
(2.101)
where Yl
m are the usual complex spherical harmonics. The corresponding eigenvalues are
λlm = l(l + 1). (2.102)
The orthonormal and transverse eigenfunctions of the vector Laplacian are labeled by i = (l˜, m˜)
with l˜ ∈ Z>0 and m˜ ∈ {−l˜,−l˜ + 1, . . . , l˜ − 1, l˜} and can be written as [32]
Yn1, l˜m˜ =
1√
l˜(l˜ + 1)
n1n2∂
n2ψl˜m˜, (2.103)
where n1n2 is the antisymmetric tensor with components
θθ = φφ = 0, θφ = −φθ = sin θ. (2.104)
In components, the transverse vector eigenfunctions are given by(
Yθ, l˜m˜
Yφ, l˜m˜
)
=
1
sin θ
√
l˜(l˜ + 1)
(
∂φψl˜m˜
− sin2 θ ∂θψl˜m˜
)
, (2.105)
and their eigenvalues are
λl˜m˜ = l˜(l˜ + 1). (2.106)
The scalar triple overlap integrals are defined as
ga1a2a3 =
∫
S2
ψl1m1ψl2m2ψl3m3 , (2.107)
where aj = (lj ,mj). A useful identity for evaluating these is∫
S2
Yl1
m1Yl2
m2Yl3
−m3 = (−1)m3
√
(2l1 + 1)(2l2 + 1)
4pi(2l3 + 1)
C l1l2l3000 C
l1l2l3
m1m2m3 , (2.108)
where C l1l2l3m1m2m3 are Clebsch–Gordan coefficients. Similarly, the triple overlap integrals with one
vector eigenfunction labeled by i3 = (l˜3, m˜3) are given by
ga1a2i3 =
1
2
√
l˜3(l˜3 + 1)
∫
S2
[
ψl2m2
sin θ
(
∂θψl1m1∂φψl˜3m˜3 − ∂φψl1m1∂θψl˜3m˜3
)
− (l1 ↔ l2)
]
. (2.109)
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Consider now the scattering of identical massive vectors with a1 = (l1, l1), so that λa1 = l1(l1+1).
If we write a = (2l,m), then λa = 2l(2l+ 1) and the nonvanishing scalar triple overlap integrals are
ga1a1a =
δm,0(−1)l1
√
4l + 1Γ
(
l + 12
)
Γ(2l1 + 2)
4l+1l! (2l1 − 2l)! Γ
(
l − l1 + 12
)
Γ
(
l + l1 +
3
2
) + δm,2l1Γ (l + 32)√Γ(2l + 1)
2pi3/4Γ(l + 1)
√
Γ
(
2l + 32
) , (2.110)
where l ∈ Z>0 and 1 ≤ l ≤ l1. So in this amplitude we can exchange gluons, multiplets of massive
vectors with a = (2l, 0) for l = 1, . . . , l1, and a multiplet of massive vectors with a = (2l1, 2l1).
Plugging everything into the sum rule in Eq. (2.48) with V = 4pi, we can verify that this gives a
very nontrivial solution.
For a simple example with scalar exchange, consider the process (2.46) with a1 = (2,−1) and
a2 = (1, 1). This involves the exchange of one vector multiplet and two scalar multiplets with the
masses and cubic couplings given by
(a, λa, ga1a2a) ∈
{(
(3,−2), 12, 1
2
√
3
7pi
)}
, (2.111)
(i, λi, ga1a2i) ∈
{(
(2, 0), 6,
1
2
√
3
2pi
)
,
(
(2, 2), 6,
1
2
√
2pi
)}
. (2.112)
Plugging these into the sum rule in Eq. (2.47), we can verify that they indeed provide a solution.
3 General relativity
In this section we consider amplitudes in a general dimensional reduction of pure GR on a closed
internal manifold down to a lower-dimensional flat spacetime. The unitarity of four-dimensional
amplitudes coming from a five-dimensional compactification has been studied in Refs. [9, 13, 14].
3.1 Higher-dimensional theory
We start with the D-dimensional Einstein–Hilbert Lagrangian,
L = M
D−2
D
2
√−GR(G), (3.1)
where GA1A2 is the D-dimensional metric, with determinant G, and MD is the D-dimensional
reduced Planck mass.
3.1.1 Background and fluctuations
Now consider a background metric G¯A1A2 that is a product space M× N of flat d-dimensional
Minkowski spaceM and a closed, smooth, connected, orientable N -dimensional Riemannian man-
ifold N . The full metric is a product given by
ds2 = G¯ABdX
AdXB = ηµνdx
µdxν + γmndy
mdyn , (3.2)
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where xµ are coordinates on M and ym are coordinates on N .
For this metric to solve the higher-dimensional vacuum Einstein equations, N must be a Ricci-flat
manifold,
Rmn = 0. (3.3)
Compact Ricci-flat manifolds seem to be relatively rare Riemannian manifolds [33]. The known
examples are flat tori, Calabi–Yau manifolds [34], compact G2 and Spin(7) manifolds [35], and their
products.8
We expand the full metric perturbatively around the background metric G¯A1A2 ,
GA1A2 = G¯A1A2 +
2
M
D−2
2
D
δGA1A2 , (3.4)
where the perturbation is given by
δGA1A2 = HA1A2 +
1
M
D−2
2
D
(
H2A1A2 −
1
2
HHA1A2 +
1
4(D − 2)G¯A1A2H
2
)
+
1
MD−2D
H3A1A2 . (3.5)
The slightly unusual field basis HA1A2 is chosen to minimize the number of interaction terms at
cubic and quartic order (without any gauge fixing and with the usual spin-2 kinetic term).
Expanding the Lagrangian up to quartic order gives
1√
−G¯
L(2) =−
1
2
(∇A1HA2A3)2 +∇A1HA2A3∇A2HA1A3 −∇A1H∇A2HA1A2 +
1
2
(∇A1H)2, (3.6)
1√
−G¯
L(3) =
1
M
D−2
2
D
HA1A2
[
∇A1HA3A4∇A2HA3A4 − 2∇A1HA3A4∇A3HA2A4 +∇A1H∇A3HA2A3
+
1
2
∇A3H∇A3HA1A2 −
1
2
∇A1H∇A2H
]
, (3.7)
1√
−G¯
L(4) =
1
MD−2D
[
HA1A2HA3A4∇A1HA3A5∇A4HA2A5 + (H2)A1A2
(∇A3HA1A4∇A4HA2A3
−∇A1HA3A4∇A2HA3A4 + 2∇A1HA3A4∇A3HA2A4 −∇A3HA1A4∇A3HA2A4
)
+ · · ·
]
,
(3.8)
where in L(4) we do not show explicitly terms containing the trace or divergence of HA1A2 , as these
will not affect the on-shell four-point amplitudes. The theory is invariant under diffeomorphisms,
which at leading order in the fields act on HA1A2 as
δHA1A2 = ∇A1ΞA2 +∇A2ΞA1 + · · · (3.9)
where ΞA1 is a vector gauge parameter.
8These manifolds all have special holonomy and it is an open problem whether or not there exists a simply
connected closed Ricci-flat manifold with full SO(N) holonomy.
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3.1.2 Hodge and eigenfunction decompositions
We now expand HA1A2 using the Hodge decomposition, suitably generalized to symmetric tensors
[30, 36], combined with the eigenfunction decomposition. This takes the following form [30]:
Hµν(x, y) =
∑
a
haµν(x)ψa(y) +
1√
V
h0µν(x) , (3.10)
Hµn(x, y) =
∑
i
Aiµ(x)Yn,i(y) +
∑
a
Aaµ(x)∂nψa(y) , (3.11)
Hmn(x, y) =
∑
i/∈IKilling
φi(x) (∇mYn,i(y) +∇nYm,i(y)) +
∑
a/∈Iconf.
φ˜a(x)
(
∇m∇nψa(y)− 1
N
∇2ψa(y)γmn
)
+
∑
a
1
N
φa(x)ψa(y)γmn +
1
N
1√
V
φ0(x)γmn +
∑
I
φI(x)hTTmn,I(y) . (3.12)
The new parts in this decomposition compared to the YM case of Section 2.1.1 are as follows.
There is the collection of fields hTTmn,I , which parameterize the transverse traceless modes of the
components of the graviton in the internal space. These fields form a basis of transverse, traceless
real symmetric tensors on N and are eigenmodes of the Lichnerowicz operator ∆L with eigenvalues
λI [37],
∆Lh
TT
mn,I ≡ −hTTmn,I +
2R(N)
N
hTTmn,I − 2Rmpnqhpq TTI = λIhTTmn,I , (3.13)
∇mhTTmn,I = γmnhTTmn,I = 0, (3.14)
where in our case the Ricci scalar of the internal space R(N) vanishes due to the Ricci-flat condition.
They also satisfy an orthonormality condition,∫
N
hTTmn,I1h
mn,TT
I2 = δI1I2 . (3.15)
The sum over transverse vector eigenfunctions in Eq. (3.12) does not include the Killing vectors of
N , which are indexed by the set IKilling, since by definition these satisfy Killing’s equation,
∇(mY in) = 0, i ∈ IKilling. (3.16)
Similarly, the sum over scalar eigenfunctions in the second term in Eq. (3.12) excludes eigenfunctions
that are conformal scalars, i.e. scalars that satisfy the equation
∇m∇nψa − 1
N
ψaγmn = 0, (3.17)
which we index by the set Iconf.. By Obata’s theorem [38], conformal scalars only exist on manifolds
that are isometric to the round N -sphere, SN , and for N > 1 they correspond to the l = 1 spherical
harmonics, which have eigenvalues saturating the Lichnerowicz bound (A.5). For N = 1, all non-
constant scalars are conformal scalars.
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Note that the Lichnerowicz eigenvalues λI can be negative on general Einstein manifolds. Such
a negative eigenvalue would lead to a tachyonic scalar field in the dimensionally-reduced theory in
the Ricci-flat case of interest to us, as we show below. However, the existence of a nonzero parallel
spinor on a cover of a closed Ricci-flat manifold guarantees that λI ≥ 0, since on such manifolds
the Lichnerowicz operator can be related to the square of the Rarita–Schwinger operator [39–41].
Since all known closed Ricci-flat manifolds have covers with special holonomy, which thus admit
parallel spinors, they are all stable in this sense.9
3.1.3 Gauge fixing
We can similarly decompose the vector gauge parameter ΞA1 ,
Ξµ =
∑
a
ξaµψa +
1√
V
ξ0µ ,
Ξn =
∑
i
ξiYn,i +
∑
a
ξa∂nψa . (3.18)
At leading order in the fields, the d-dimensional fields Aaµ, φ
i, and φ˜a transform under this gauge
symmetry as
δAaµ = ξ
a
µ + ∂µξ
a + · · · , δφi = ξi + · · · , δφ˜a = 2ξa + · · · . (3.19)
We can thus use ξaµ, ξ
i and ξa to eliminate these fields by choosing the gauge
Aaµ = 0, φ
i = 0, φ˜a = 0. (3.20)
This algebraic gauge fixing can be used to determine the gauge parameters appearing in (3.19)
order-by-order in an expansion in powers of the fields. When N = 1 there are no φ˜a fields, since
every scalar is a conformal scalar, and we can instead use the gauge freedom to eliminate the scalars
φa.
The remaining gauge transformations are parameterized by the zero mode vector ξ0µ and the
scalars ξi with i ∈ IKilling. At leading order, the first of these acts on the zero mode h0µν as
δh0µν = ∂µξ
0
ν + ∂νξ
0
µ + · · · , (3.21)
which is the linearized d-dimensional diffeomorphisms acting on the graviton. The gauge parameters
ξi with i ∈ IKilling are the gauge parameters for the massless vectors corresponding to the Killing
vectors of N .
9For positively curved Einstein manifolds there are known compact examples with negative Lichnerowicz eigenval-
ues, such as the infinite number of Bo¨hm metrics defined on low-dimensional spheres and products of low-dimensional
spheres [40, 42], but these cannot be used to compactify pure gravity to flat space since they are not Ricci-flat.
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3.2 Lower-dimensional interactions
Using the decomposition (3.12) with the gauge fixing (3.20), we can now integrate over the internal
manifold in the higher-dimensional action to obtain the d-dimensional Lagrangian.
3.2.1 Spectrum
The lower-dimensional quadratic Lagrangian is obtained by dimensionally reducing (3.6). It con-
tains mixing terms between the tensors and scalars that can be undone with the following trans-
formations:
haµν → haµν −
(N − 1)
N(d− 1)ηµνφ
a +
1
λa
D − 2
N(d− 1)∂µ∂νφ
a, (3.22)
h0µν → h0µν −
1
d− 2ηµνφ
0. (3.23)
The diagonalized quadratic Lagrangian is then given by
L(2) = L0(2) + La(2) + Li(2) + LI(2), (3.24)
where the different parts are
L0(2) =−
1
2
∂λh
0
µν∂
λh0µν + ∂λh
0
µν∂
µh0λν − ∂µh0∂νh0µν + 1
2
∂µh
0∂µh0
− (D − 2)
2N(d− 2)∂µφ
0∂µφ0, (3.25)
La(2) =−
1
2
∑
a
(
∂λh
a
µν∂
λhµνa − 2∂λhaµν∂µhλνa + 2∂µha∂νhµνa − ∂µha∂µha + λa
(
haµνh
µν
a − haha
))
− (N − 1)(D − 2)
2N2(d− 1)
∑
a
(∂µφ
a∂µφa + λaφ
aφa) , (3.26)
Li(2) =−
1
2
∑
i
(
F iµνF
µν
i + 2λiA
i
µA
µ
i
)
, (3.27)
LI(2) =−
1
2
∑
I
(
∂µφ
I∂µφI + λIφIφI
)
. (3.28)
The spectrum of the dimensionally reduced theory can now be easily read off. It consists of the
following particles:
1. A massless graviton, h0µν .
2. A tower of massive spin-2 particles haµν with squared masses m
2
a = λa, one for every non-
constant eigenmode of the scalar Laplacian on N .
3. A tower of vectors Aiµ with squared masses m
2
i = λi, one for each transverse eigenmode of
the vector Laplacian on N , including a massless vector for each Killing vector.
4. A massless scalar φ0, which is the volume modulus.
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5. If N > 1, a tower of massive scalars φa with squared masses m2a = λa, one for every non-
constant eigenmode of the scalar Laplacian on N .
6. Another tower of massive scalars φI with squared masses m2I = λI , one for each eigen-
tensor of the Lichnerowicz operator on N , including a massless scalar for each eigentensor
corresponding to a direction in the moduli space of volume-preserving Einstein structures on
N .
Note that from the normalization of the graviton we can obtain the usual relation between the
d-dimensional Planck mass Md and the D-dimensional Planck mass MD,
Md−2d = VM
D−2
D . (3.29)
3.2.2 Cubic interactions
We can similarly find the cubic interactions for these fields by dimensionally reducing the higher-
dimensional cubic interactions, given in Eq. (3.7). For the four-point amplitude with external
massive spin-2 KK modes that we are interested in, we only need the cubic interactions involving
at least two massive spin-2 particles. These enter the exchange diagrams as shown in Figure 1.
The interactions with three massive spin-2 fields are
Lhhh = 1
M
D−2
2
D
∑
a1,a2,a3
ga1a2a3h
a1
µν
[
∂µha2λρ∂
νha3λρ − 2∂µha2λρ∂λha3νρ +
1
4
(λa2 −)ha2ha3µν
]
+ · · · ,
(3.30)
where the triple overlap integral ga1a2a3 is defined in Eq. (2.22) and where here and below we
only show explicitly the terms that can contribute to the four-point amplitude with massive spin-2
external states. The interactions involving two massive spin-2 particles and the graviton are
Lhhh0 =
1
M
d−2
2
d
h0µν
∑
a
[
∂µhaλρ∂
νhλρa − 2haλρ∂λ∂ρhµνa + 2haλρ∂µ∂λhνρa − 2∂µhaλρ∂λhνρa + 2∂λhaµρ∂ρhνλa
]
− 1
2M
d−2
2
d
h0
∑
a
[
haµνhµνa + ∂λhaµν∂λhµνa
]
+ · · · , (3.31)
where we have used Eq. (3.29). The interactions with two massive spin-2 particles and a vector are
LhhA = 2
M
D−2
2
D
∑
a1,a2,i3
ga1a2i3h
a1
νλ
[
∂µha2νλ − 2∂νha2µλ
]
Ai3µ + · · · , (3.32)
where the triple overlap integral ga1a2i3 is defined in Eq. (2.23). Lastly, the interactions between
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two massive spin-2 particles and the various scalars after diagonalizing the kinetic terms are
Lhhφ =− (D − 2)
4N(d− 1)M
D−2
2
D
∑
a1,a2,a3
(
λa3 − 2(λa1 + λa2) + λ−1a3 (λa1 − λa2)2
)
ga1a2a3h
a1
µνh
a2µνφa3 + · · · ,
(3.33)
Lhhφ0 =
1
M
d−2
2
d
(D − 2)
N(d− 2)φ
0
∑
a
λah
a
µνh
µν
a + · · · , (3.34)
LhhφI =
1
M
D−2
2
D
∑
a1,a2,I3
ga1a2I3h
a1
µνh
a2µνφI3 + · · · , (3.35)
where we have defined the new triple overlap integral
ga1a2I3 ≡
∫
N
∂nψa1∂mψa2h
mn
TT,I3 , (3.36)
which is symmetric in its first two indices.
We now vary the interactions to find the corresponding vertices. The vertex for three massive
spin-2 particles is given by
V(1a1h , 2a2h , 3a3h ) =−
iga1a2a3
4M
D−2
2
D
2 ·3 [41 ·p3(2 ·3 1 ·p2 − 21 ·2 3 ·p2) + (2p1 ·p2 − λa1) 1 ·1 2 ·3]
+ five permutations, (3.37)
where here and below we write the polarization tensors as products of null vectors, µν = µν , and
we put the first two legs on shell, since this is all we need to compute the four-point massive spin-2
amplitudes. The fully on-shell vertex is
V(1a1h , 2a2h , 3a3h )
∣∣∣
on shell
=
2i
M
D−2
2
D
ga1a2a3 (1 ·2 3 ·p1 + 2 ·3 1 ·p2 + 1 ·3 2 ·p3)2 , (3.38)
which is the same cubic tensor structure as for the graviton in GR.
The vertex describing the gravitational coupling of each massive spin-2 particle is
V(1a1h , 2a2h , 30h) =
i
4M
d−2
2
d
δa1a2
[
8(2 ·3 1 ·p2 − 1 ·3 2 ·p1)(2 ·3 1 ·p2 + 1 ·2 3 ·p1)
+ (1 ·2)2(p3 ·p3 3 ·3 − 43 ·p1 3 ·p2)
]
+ (1↔ 2) . (3.39)
This reduces on-shell to
V(1a1h , 2a2h , 30h)
∣∣∣
on shell
=
2i
M
d−2
2
d
δa1a2 (1 ·2 3 ·p1 + 2 ·3 1 ·p2 + 1 ·3 2 ·p3)2 , (3.40)
which is gauge invariant and includes the universal minimal coupling interactions mandated by
the S-matrix equivalence principle [43]. Note that the cubic interactions among the massive and
31
massless spin-2 fields are all of the type given by requiring asymptotic subluminality in eikonal
scattering [44–46].
The vertex for two massive spin-2 particles and a spin-1 particle is
V(1a1h , 2a2h , 3i3A) =
√
2
M
D−2
2
D
ga1a2i3
(
21 ·2 1 ·3 2 ·p1 − (1 ·2)2 3 ·p1 − (1↔ 2)
)
, (3.41)
where we have rescaled Aµi → Aµi /
√
2 to canonically normalize the vector kinetic terms. This vertex
vanishes if a1 = a2 since λa1a2i3 is antisymmetric in its first two indices, so the two massive spin-2
particles must be distinct for this interaction to be nonvanishing. The vector Aµi3 is massless when
i3 ∈ IKilling, so in this case the on-shell vertex should also be gauge invariant. The on-shell gauge
variation is given by
δV(1a1h , 2a2h , 3i3A)
∣∣∣
on−shell
=
√
2
M
D−2
2
D
(λa2 − λa1) ga1a2i3(1 ·2)2. (3.42)
We can show that this indeed vanishes for Killing vectors using the identity
0 =
∫
N
∂nψa1∂
mψa2 (∇nYm,i3 +∇mYn,i3) = (λa2 − λa1) ga1a2i3 , i3 ∈ IKilling, (3.43)
where the first equality follows from Killing’s equation and the second equality follows after inte-
grating by parts. This shows that the two massive spin-2 particles coupling to a massless vector
must have identical mass as well as a1 6= a2, so such couplings require degenerate eigenvalues.
The vertices involving two massive spin-2 particles and one of the various scalars after canonically
normalizing the scalar kinetic terms are
V(1a1h , 2a2h , 3a3φ ) =
−i√D − 2 (λa3 − 2(λa1 + λa2) + λ−1a3 (λa1 − λa2)2)
2M
D−2
2
D
√
(N − 1)(d− 1)
ga1a2a3 (1 ·2)2 , (3.44)
V(1a1h , 2a2h , 30φ) =
2i
M
d−2
2
d
√
D − 2
N(d− 2)λa1δa1a2 (1 ·2)
2 , (3.45)
V(1a1h , 2a2h , 3Iφ) =
2i
M
D−2
2
D
ga1a2I (1 ·2)2 . (3.46)
Recall that we restrict to d > 2 and that for N = 1 there are no φa scalars, so the coupling constants
are all well defined.
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3.2.3 Quartic interactions
We also need the interactions between four massive spin-2 fields. From the higher-dimensional
quartic interactions in Eq. (3.8) we get
Lhhhh = 1
MD−2D
∑
a1,a2,a3,a4
[
ga1a2a3a4
(
ha1µνha2λρ∇µha3λσ∇ρha4ν σ + ha1µσha2σ ν
[
2∇λha3µ ρ∇[ρha4λ] ν
+ 2∇λha3µρ∇νha4λ ρ −∇µha3λρ∇νha4λρ
]− λa1ha1µ λha2νλha3ρ µha4ρν)
+
∑
a
λa
2
ga1a2aga3a4ah
a1
µ
λha2νλh
a3
ρ
µha4ρν
]
+ . . . . (3.47)
The corresponding four-point vertex is given by
V(1a1h , 2a2h , 3a3h , 4a4h ) =
i
MD−2D
[
ga1a2a3a41 ·2 3 ·4
(
(p1 ·p2 − λa1) 1 ·4 2 ·3
+ 1 ·p4 [3 ·4 2 ·p3 − 2 ·4 3 ·p2 − 2 ·3(4 ·p1 + 24 ·p3)]
)
+
1
2
λaga1a2aga3a4a1 ·2 3 ·4 1 ·4 2 ·3 + . . .
]
+ 23 permutations . (3.48)
3.3 Amplitudes and sum rules
We now calculate some four-point amplitudes. In GR the four-point amplitude grows like ∼ E2
at high energies in any dimension. By imposing that the amplitudes of massive KK modes have
this same high-energy behavior, we can derive sum rules that constrain the cubic couplings and
masses.10
We restrict to amplitudes with longitudinal polarizations, since these have the worst high-energy
behavior and thus lead to the most interesting constraints. The longitudinal massive spin-2 polar-
ization tensor can be written in terms of the longitudinal spin-1 polarization vector (2.45) as
µνL,j(pj) =
√
d− 1
d− 2
[
µL,j
ν
L,j −
1
d− 1
(
ηµν +
pµj p
ν
j
m2j
)]
. (3.49)
3.3.1 Identical four-point tensor scattering
Consider first the scattering of identical massive spin-2 particles,
ha1L h
a1
L → ha1L ha1L . (3.50)
This amplitude receives contributions from the exchange of the graviton, massive spin-2 particles,
and the various spin-0 particles.
The leading high-energy piece scales like ∼ E10 and vanishes by expanding the quartic coupling
in terms of the cubic couplings as in Eq. (2.40), just as for the leading ∼ E4 amplitudes in the
10The sum rules for one-dimensional compactifications have been studied in Ref. [14].
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dimensionally reduced YM theories. The next term grows like ∼ E8 and is proportional to the
sum rule in Eq. (2.48) that we found from the ∼ E2 part of the YM amplitudes. So the would-be
leading and subleading high-energy terms in GR just reproduce the sum rules found from YM.
At order E6 we get something new compared to YM. There is one additional sum rule that must
be satisfied for the amplitude to vanish, which for N > 1 can be written as∑
a
(
(4− 3N)Nλ2a + 4(N2 − 3)λa1λa + 16λ2a1
)
g2a1a1a + 16N(N − 1)
∑
I
g2a1a1I = 0. (3.51)
To get the sum rule in this simple form we have freely added multiples of the earlier sum rules,
which is why the there is no d dependence nor constant contributions from the zero modes. The
first term represents the remaining contributions from the exchange of massive tensors and the
massive scalars φa, while the second term corresponds to the contribution from exchanging the
scalars φI . When N = 1 we instead get the sum rule∑
a
(4λa1 − λa) (4dλa1 + (2− 3d)λa) g2a1a1a = 0. (3.52)
It can be straightforwardly checked that this is satisfied for the circle, for any value of d, following
the discussion in Section 2.6.1.
At order E4 there is another new sum rule that for N > 1 can be written as∑
a
λa(λa − 4λa1) ((3N − 2)λa − 4Nλa1) g2a1a1a + 16(N − 1)
∑
I
λIg2a1a1I = 0, (3.53)
where we have again simplified by adding multiples of the earlier sum rules. For N = 1 there are
additional sum rules whose explicit form is unenlightening but they are included in the ancillary
file and can be easily verified for the circle.
These sum rules must be satisfied for the massive spin-2 amplitudes to grow no faster than ∼ E2
at high energies. Below we prove that these are indeed satisfied on any closed Ricci-flat manifold.
That we have additional sum rules compared to YM can be understood from the fact that GR is
defined on a more restrictive class of background spacetimes.
We now discuss some consequences of these sum rules. Consider first Eq. (3.51). For this to be
satisfied in combination with Eq. (2.48), there must be a term in the first sum that is non-positive
with a nonvanishing cubic coupling, which implies that for each a1 there exists some a
∗ such that
ga1a1a∗ 6= 0 and
8
3−N2 + (N − 1)√N2 + 2N + 9λa1 ≤ λa
∗ . (3.54)
This reduces to the earlier bound in Eq. (2.49) as N →∞, which is a good consistency check, but
for finite N it gives a stronger condition for closed Ricci-flat manifolds. For example, for N = 2 we
get that for every a1 there exists some a
∗ such that
ga1a1a∗ 6= 0 and λa∗ ≥
1
2
(1 +
√
17)λa1 ≈ 2.56λa1 . (3.55)
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Now consider Eq. (3.53). Combined with Eq. (2.48) it implies that for stable compactifications,
i.e. for internal manifolds with λI ≥ 0, which is all known compact Ricci-flat manifolds, there must
exist an exchanged massive spin-2 particle with mass below some upper bound.11 Indeed, if λI ≥ 0
then the first sum must contain a non-positive term, so for each a1 there exists some a
∗ such that
ga1a1a∗ 6= 0 and
4N
3N − 2λa1 ≤ λa∗ ≤ 4λa1 . (3.56)
The eigenvalue expansion of the square of a real scalar eigenfunction thus takes the form
ψ2a1 =
1
V
+ ga1a1a∗ψa∗ + . . . , λa∗ ≤ 4λa1 . (3.57)
A corollary of (3.56) is that the ratios of consecutive nonzero eigenvalues of the scalar Laplacian
on a closed Ricci-flat manifold with λI ≥ 0 are bounded above by four,
λk+1
λk
≤ 4, (3.58)
where λk is the k
th nonzero eigenvalue. This bound is new as far as we can tell and applies to all
known closed Ricci-flat manifolds, since they all have covers that admit parallel spinors and thus
have positive-definite Lichnerowicz operators [39–41]. It is saturated in every dimension by the
first distinct nonzero eigenvalues on certain tori, as we discuss below, so it is the optimal bound of
this form. It is similar in form to the extended Payne–Po´lya–Weinberger conjecture (reviewed in
Appendix A.3), which gives an upper bound on the ratio of consecutive eigenvalues of the scalar
Laplacian for the Dirichlet problem on bounded domains in RN . By de Verdie`re’s theorem [47, 48],
reviewed in Appendix A.3, such a bound is not possible for general closed manifolds, i.e. closed
manifolds that are not necessarily Ricci-flat.
Phrased in terms of the particle spectrum, Eq. (3.58) says that adjacent massive spin-2 particles
have masses that differ by at most a factor of two. This provides a sharp bound on the possible
spectra of KK excitations of the graviton. It means that there can be no large gaps between the
massive modes (relative to their masses), so one cannot integrate out all but a finite number of
massive spin-2 particles from the spectrum to obtain an effective multi-metric field theory with
a finite number of spin-2 modes and a strong coupling scale that is parametrically larger than
the masses, such as the theories of Refs. [17, 18]. Although we started with higher-dimensional
GR, this statement follows purely from geometry and so applies to the spectrum of more general
compactifications of gravity. In particular, it applies to the massive excitations of the graviton in
smooth Calabi–Yau compactifications of string theory and in G2 compactifications of M-theory in
the low-energy limit.
11This is the geometric analogue of finding an upper bound ∆max on the dimension of the first nontrivial scalar
operator appearing in the φ× φ OPE of a given scalar operator φ in a CFT [16].
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3.3.2 Proving the sum rules
As with YM, we can prove all of the sum rules directly using eigenvalue and Hodge/tensor de-
compositions to derive associativity relations. In particular, Eq. (3.51) can be obtained from the
relation ∫
N
∂mψa1∂nψa1∂
mψa1∂
nψa1 =
∫
N
∂mψa1∂nψa1∂
mψa1∂
nψa1 . (3.59)
To evaluate the left-hand side we need the following decomposition:
1
2
(∂mψa1∂nψa2 + ∂mψa2∂nψa1) =
∑
I
ga1a2
IhTTmn,I +
∑
i/∈IKilling
(λa2 − λa1)ga1a2 i
2
(
λi − 2R(N)N
) (∇mYn,i +∇nYm,i)
+
∑
a/∈Iconf.
(
(N − 2)λ2a + 2λa(λa1 + λa2)−N(λa1 − λa2)2
)
ga1a2
a
4λa
(
(N − 1)λa −R(N)
) (∇m∇nψa − 1
N
ψaγmn
)
+
1
2N
γmn
∑
a
(λa1 + λa2 − λa)ga1a2aψa +
λa1
NV
γmnδa1a2 , (3.60)
which we have written for a general closed Einstein manifold with Ricci scalar R(N). Using this to
evaluate (3.59) and using the earlier sum rule (2.48) to simplify, we obtain the sum rule∑
a
(
(4− 3N)Nλ2a + 4(N2 − 3)λa1λa + 16λ2a1
)
g2a1a1a + 16N(N − 1)
∑
I
g2a1a1I
+
∑
a/∈Iconf.
R(N) (4λa1 + (N − 2)λa)2 g2a1a1a
(N − 1)λa −R(N)
= 0, (3.61)
which reduces to Eq. (3.51) when R(N) = 0. When R(N) > 0, the additional term on the final line is
positive by the Lichnerowicz bound (A.5), so the bound in Eq. (3.54) holds with a strict inequality
for Einstein manifolds with positive Ricci curvature.
Similarly, we can derive (3.53) from the following associativity identity:∫
N
∂mψa1∂nψa1∆L (∂
mψa1∂
nψa1) =
∫
N
∂mψa1∂nψa1∆L (∂
mψa1∂
nψa1) , (3.62)
where we evaluate the right-hand side by first expanding the Lichnerowicz Laplacian using
∆L (∂mψa1∂nψa2) = (λa1 + λa2) ∂mψa1∂nψa2 − 2∇m∇pψa1∇n∇pψa2 − 2Rmpnq∂pψa1∂qψa2 , (3.63)
which holds on general Einstein manifolds. This gives a generalization of (3.53) that is also valid
for Einstein manifolds with nonzero R(N),∑
a
λa(λa − 4λa1) ((3N − 2)λa − 4Nλa1) g2a1a1a + 16(N − 1)
∑
I
λIg2a1a1I
+
∑
a/∈Iconf.
R(N)λa (4λa1 + (N − 2)λa)2 g2a1a1a
N
(
(N − 1)λa −R(N)
) = 0. (3.64)
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The correction term is again positive for R(N) > 0, so Eqs. (3.56) and (3.58) hold with strict
inequalities for closed Einstein manifolds with positive curvature and a non-negative Lichnerowicz
operator. If a positively curved Einstein space admits a nonzero Killing spinor then there is a lower
bound on the Lichnerowicz eigenvalues [39, 40],
λI ≥
R(N)
4N(N − 1)
(
16− (5−N)2) . (3.65)
The Lichnerowicz spectrum is thus nonnegative on any positively curved Einstein space with dimen-
sion N ≤ 9 that admits a nonzero Killing spinor. This implies, for example, that the eigenvalues of
the scalar Laplacian on compact smooth Sasaki–Einstein manifolds with N ≤ 9 satisfy the bound
λk+1 < 4λk.
3.3.3 General four-point tensor scattering
Now consider the general four-point scattering of longitudinally-polarized massive spin-2 modes,
ha1L h
a2
L → ha3L ha4L . (3.66)
At order E10, the sum rules follow from the zero-derivative associativity relations in Eq. (2.39).
The ∼ E8 term then gives multiple two-derivative sum rules, including the scattering sum rule
in Eq. (2.47) that was found from YM. At orders E6 and E4, we find many additional sum rules
that generalize those found above for equal mass scattering, but they are much more complicated
and so we relegate them to an ancillary file. We have checked that they can all be derived using
the various eigenfunction and Hodge decompositions to evaluate integrals of total derivatives. This
proves them directly and verifies that the amplitude grows no faster than ∼ E2. In the ancillary file
we provide the sum rules plus the full dimensionally reduced GR amplitude with external massive
gravitons.
3.3.4 Strong coupling scale
Since both the higher- and lower-dimensional theories have amplitudes that grow with energy, they
are still effective field theories that become strongly coupled at some UV energy scale. The UV
strong coupling scale of the dimensionally reduced theory must be the same as that of the higher-
dimensional theory, since the two theories are equivalent. As we have seen, the amplitudes in the
dimensionally reduced theory grow as ∼ E2 to match the energy scaling of the higher-dimensional
theory,
A(E) ∼ E
2
Md−2d
, (3.67)
where Md is the d-dimensional Planck scale.
12 The lower-dimensional theory thus seems to become
strongly coupled around the scale Md. However, this cannot be correct since the dimensionally
12As in the YM case, we assume for this schematic argument that various dimensionless combinations of geometrical
quantities are not parametrically small.
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reduced theory is equivalent to the higher-dimensional theory, which becomes strongly coupled at
a much lower scale given by the D-dimensional Planck mass, MD. The reason that MD  Md is
due to the relation Md−2d = VM
D−2
D and the fact that the volume of the internal manifold should
satisfy V −1/N MD for the compactification to make sense in the effective field theory.
The way to see this lower cutoff in the lower-dimensional theory is again by scattering states that
are normalized superpositions of KK modes [13, 22]. For the four-point scattering of superposed
states of n modes we get the amplitude
Asuperposition(E) ∼ n E
2
Md−2d
. (3.68)
Using Weyl’s law (2.62) to find the maximum number of spin-2 states that can be scattered and
choosing the cutoff Λ so that the amplitude saturates the unitarity bound gives
Asuperposition(Λ) ∼ 1
Λd−4
=⇒ Λ ∼MD, (3.69)
confirming that the strong coupling scale is given by the higher-dimensional Planck scale. As in
the YM case, we see that the strong coupling scale is parametrically lower due to the large number
of particles in the KK tower.
3.4 Examples
We now discuss some explicit examples of internal manifolds to demonstrate the additional sum
rules found in this section.
3.4.1 Tori
The number of independent non-constant transverse, traceless symmetric tensors on anN -dimensional
torus TN is (N+1)(N−2)/2. Each of these leads to a tower of massive scalars in the dimensionally
reduced theory. There are additionally (N + 2)(N − 1)/2 zero modes, corresponding to the finite
number of massless shape moduli in lower dimensions.
The simplest manifold with transverse traceless tensors is thus the ordinary square flat torus,
T2. This has two zero-mode tensors,
hTTmn,+ =
1
2
√
2pi
(
0 1
1 0
)
, hTTmn,− =
1
2
√
2pi
(
1 0
0 −1
)
. (3.70)
Consider the four-point amplitude with identical external massive spin-2 particles described by the
scalar eigenfunctions ψ~a1 with ~a1 = (2k1, 2k2) and ki ∈ Z>0, using the notation of Section 2.6.2.
The triple overlap integrals g~a1~a1I are then given by
g~a1~a1+ = 0, g~a1~a1− =
1
2
√
2pi
(k21 − k22), (3.71)
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where λ± = 0. From Eq. (2.98) we also have the nonvanishing couplings g~a1~a1~ar given by
(λ~ar , g~a1~a1~ar) ∈
{(
4k21,
1
2
√
2pi
)
,
(
4k22,
1
2
√
2pi
)
,
(
4k21 + 4k
2
2,
1
4pi
)}
. (3.72)
This amplitude thus involves the exchange of a massless scalar and three massive spin-2 particles
with squared masses m2~ar = λ~ar . Substituting these values into the sum rules (3.51) and (3.53)
verifies that they provide a solution and thus lead to an amplitude with ∼ E2 high-energy behavior.
Now we discuss the ratios of consecutive eigenvalues of the scalar Laplacian on tori. The maxi-
mum ratio of consecutive eigenvalues on a square torus is two, but on more general tori this ratio
can be as large as four. A general 2-torus can be written as R2/Γ, where Γ is a lattice generated by
integer linear combinations of the vectors (0, 1) and τ = (τ1, τ2), where τi ∈ R. Eigenfunctions are
then labeled by elements of the dual lattice. The moduli space of conformally inequivalent 2-tori
can be parameterized by the following standard fundamental domain, which is shown in Figure 3:
F(τ) = {τ1, τ2 ∈ R : 1/2 < τ1 ≤ 1/2, τ2 > 0, |τ |2 ≥ 1, with τ1 ≥ 0 if |τ |2 = 1}, (3.73)
where |τ |2 = τ21 +τ22 . Since the ratios of eigenvalues do not change under diffeomorphisms and local
Weyl transformations in two dimensions, we can restrict to a fundamental domain to find all possible
such ratios. Of the tori in F(τ), those with |τ |2 ≥ 4 saturate the bound (3.58), as indicated by the
shaded region in Figure 3. In fact, for every N there exist N -tori for which λ2 = 4λ1. Consider,
for example, the “long” rectangular tori RN/Γ with Γ generated by the vectors {p~e1, ~e2, . . . , ~eN}
where ~ej is the unit N -vector in the j
th direction and p ≥ 2. The first three non-zero eigenvalues
of these tori are λ1 = (2pi/p)
2, λ2 = 4(2pi/p)
2, and λ3 = (2pi)
2, so these saturate the bound (3.58),
which shows that it is optimal in every dimension.
3.4.2 Spheres
Consider the spheres SN with the round metric and N ≥ 2. These have positive Lichnerowicz
spectrum so the bound (3.58) applies, even though we cannot use them as the internal space for a
flat compactification of GR. The possible scalar eigenvalues are given by l(l+N−1) where l ∈ Z≥0,
so the maximum ratio of consecutive eigenvalues is
max
k
(
λk+1
λk
)
=
2(N + 1)
N
≤ 3, (3.74)
which is consistent with (3.58).
3.4.3 Fermat quintic
There are no nontrivial Calabi–Yau manifolds for which the spectrum and eigenfunctions of the
scalar Laplacian are known analytically, but the lowest ones can be determined numerically using
Donaldson’s algorithm to approximate the Ricci-flat Ka¨hler metric [49, 50], as shown in Ref. [51].
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Figure 3: The fundamental domain F(τ) of the 2-torus with the shaded region showing tori whose scalar
Laplacian eigenvalues satisfy λ2 = 4λ1.
Consider the example of the Fermat quintic threefold, which is the submanifold of CP 4 defined
by the embedding
5∑
j=1
Z5j = 0, (3.75)
where Z1, . . . , Z5 are the homogeneous coordinates on CP 4 with the identification Zj ∼ λZj for
nonzero complex λ. With the volume normalization V = 1, Ref. [51] found numerically that the
first few distinct nonzero eigenvalues of the scalar Laplacian on this manifold are
λk ∈ {41.1± 0.4, 78.1± 0.5, 82.1± 0.3, 94.5± 1, 102± 1}. (3.76)
These eigenvalues easily satisfy the bound (3.58) and this is also true for the spectra of the other
Calabi–Yau manifolds studied in Ref. [51].
3.5 Bottom-up sum rules
We have so far assumed in this section that our starting theory is pure GR in higher dimensions.
From this starting point we proceeded in a top-down manner to derive the lower-dimensional
vertices and verified that the massive spin-2 amplitudes grow no faster than ∼ E2. An interesting
and more difficult question is whether the converse holds, i.e. is any theory of massive spin-2
particles with ∼ E2 amplitudes and no higher-spin particles equivalent to an extra dimensional
theory of gravity? In the remainder of this section we address one small aspect of this question by
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performing a bottom-up construction of certain massive spin-2 amplitudes. Note that although we
use the same notation for labeling particles as in the earlier part of this section, here the labels do
not necessarily correspond to eigenfunctions of Laplacian operators.
3.5.1 Interactions
Our goal is to study theories involving fields with spin two or less that have amplitudes growing
no faster than ∼ E2, remaining agnostic about whether or not they come from higher-dimensional
gravity. For simplicity we restrict to d = 4 and assume that the interactions are parity-even with
at most two derivatives. This is not completely general but keeps the calculation tractable.
With these assumptions, we will calculate the four-point amplitude for the scattering of a massive
spin-2 particle h?µν with mass m?,
h?h? → h?h?. (3.77)
We assume that h?µν couples to a massless graviton, h
0
µν , a collection of massive spin-2 particles
haµν with masses ma (not including h
?
µν), a collection of massive vectors A
i
µ with masses mi, and
a collection of scalars φI with masses mI . For continuity we have labeled the particles using the
same indices as in the top-down KK construction, even though these labels may now have nothing
to do with geometry.13 The masses are assumed to be real so that the theory is stable.
The general two-derivative parity-even on-shell cubic vertices involving these fields and two or
more h?µν legs are
V(1?h, 2?h, 3?h) = ia1m2? 1 ·2 1 ·3 2 ·3 + ia2
(
(2 ·3)2(1 ·p2)2 + (1 ·3)2(2 ·p3)2 + (1 ·2)2(3 ·p1)2
)
+ ia3
(
1 ·3 2 ·3 1 ·p2 2 ·p3 + 1 ·2 2 ·3 1 ·p2 3 ·p1 + 1 ·2 1 ·3 2 ·p3 3 ·p1
)
, (3.78)
V(1?h, 2?h, 30h) = ib1(1 ·2)2(3 ·p1)2 + ib2 1 ·2 3 ·p1
(
2 ·3 1 ·p2 + 1 ·3 2 ·p3
)
+ ib3
(
2 ·3 1 ·p2 + 1 ·3 2 ·p3
)2
, (3.79)
V(1?h, 2?h, 3Iφ) = im2?c1,I (1 ·2)2 + ic2,I 1 ·2 1 ·p2 2 ·p3, (3.80)
V(1?h, 2?h, 3iA) = m?d1,i 1 ·2
(
2 ·3 1 ·p2 − 1 ·3 2 ·p3
)
, (3.81)
V(1?h, 2?h, 3ah) = im2?e1,a 1 ·2 1 ·3 2 ·3 + ie2,a (1 ·2)2(3 ·p1)2
+ ie3,a
(
1 ·2 2 ·3 1 ·p2 3 ·p1 + 1 ·2 1 ·3 2 ·p3 3 ·p1
)
+ ie4,a
(
(2 ·3)2(1 ·p2)2 + (1 ·3)2(2 ·p3)2
)
+ ie5,a 1 ·3 2 ·3 1 ·p2 2 ·p3, (3.82)
where an, bn, cn,I , dn,i, and en,a are real dimensionful coupling constants. Gauge invariance addi-
tionally gives
2b1 = b2 =
4
M4
, (3.83)
where M4 denotes the four-dimensional Planck mass.
13The comparison to the KK case is imperfect since there we also had scalars labeled by 0 and a.
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For the quartic contact interaction we construct a general ansatz consisting of polynomials in the
contractions i·j , i·pj , and pi·pj containing up to six derivatives, since this is the maximum number
of derivatives that can be generated from field redefinitions at quartic order in a two-derivative
theory. The polynomials must also be homogeneous in each i with weight two. Altogether there
are 95 independent polynomials satisfying these constraints.
3.5.2 Amplitudes and sum rules
Putting together these ingredients, we can calculate the four-point amplitude (3.77) with general
polarizations and impose that it grows no worse than ∼ E2 at high energies. After eliminating the
contact term parameters from the resulting constraints, we get a collection of sum rules involving
the cubic coupling constants and masses. Using the fact that the coupling constants are real in a
unitarity theory, we find that these sum rules imply the following conditions:
a3 = 2a2, b1 = b3, 2e2,a = e3,a = 2e4,a = e5,a, a1 = e1,a = c2,I = d1,i = 0, (3.84)
which imply that the spin-2 vertices all take the Einstein–Hilbert form. We have already seen that
this follows automatically when the higher-dimensional theory is GR, but here we see that it also
follows from perturbative unitarity plus our other assumptions.
After enforcing the conditions (3.84), we are left with the following three sum rules:
a22 + 4b
2
1 +
1
4
∑
a
(
4− 3m
2
a
m2?
)
e25,a = 0, (3.85a)
a22 + 4b
2
1 − 24
∑
I
c21,I +
1
4
∑
a
(
5m2a
m2?
− 4
)
m2a
m2?
e25,a = 0, (3.85b)
6
∑
I
m2Ic
2
1,I +
1
4
∑
a
(
m2a
m2?
− 4
)(
m2a
m2?
− 1
)
m2ae
2
5,a = 0. (3.85c)
These reduce to the sum rules found earlier in the special case when the lower-dimensional theory
comes from higher-dimensional pure GR, but these are more general.
From these sum rules we deduce that h?µν must couple to some h
a∗
µν with 3m
2
a∗ > 4m
2
? and to
some (possibly different) ha
∗
µν with m
2
a∗ ≤ 4m2?. Since h?µν was arbitrary to begin with, this tells us
that there must be an infinite number of massive spin-2 particles and that the ratio of masses of
consecutive particles is at most two. This theory thus looks suspiciously like a theory of gravity
with extra compact spatial dimensions, but we cannot rule out the existence of other kinds of
solutions from this analysis.
One consequence of these bottom-up sum rules is that the gaps between KK excitations of
the graviton cannot be large compared to their masses in any compactification of gravity with a
stable four-dimensional Minkowski vacuum and with no higher-derivative interactions or higher-
spin particles. This includes the Ricci-flat compactifications that we studied above as well as more
general compactifications, such as compactifications with fluxes, warped products, singularities or
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branes. Examples are Freund-Rubin compactifications on S2 and S3 with the flux tuned so that
lower-dimensional Minkowski space is a solution and the Randall–Sundrum model considered in
Ref. [14].
4 Summary and conclusions
We have studied the constraints imposed by perturbative unitarity on the spectrum and cubic
couplings in generic dimensional reductions of Yang–Mills theory and general relativity on closed
manifolds. While the corresponding sum rules are automatically satisfied by any valid geometry,
they elucidate precisely how geometries achieve the highly nontrivial cancellations required to soften
the high-energy behavior of massive spin-1 and spin-2 amplitudes. We have shown how to prove
these sum rules generally and have demonstrated how they work in some concrete examples.
The simplest examples of the sum rules are obtained from the scattering of identical KK excita-
tions with KK index a1 and are given by ∑
a
(4λa1 − 3λa) g2a1a1a + 4V −1λa1 = 0, (4.1)∑
a
(
(4− 3N)Nλ2a + 4(N2 − 3)λa1λa + 16λ2a1
)
g2a1a1a + 16N(N − 1)
∑
I
g2a1a1I = 0, (4.2)∑
a
λa(λa − 4λa1) ((3N − 2)λa − 4Nλa1) g2a1a1a + 16(N − 1)
∑
I
λIg2a1a1I = 0, (4.3)
where N is the dimension of the internal manifold, V is its volume, λ• are Laplacian eigenvalues,
and g••• are triple overlap integrals of Laplacian eigenfunctions, as defined in the main text. The
first constraint comes from both YM and GR amplitudes and holds for all closed manifolds, whereas
the last two constraints come from GR amplitudes and hold only for closed Ricci-flat manifolds.
Assuming that the eigenvalues of the Lichnerowicz operator are nonnegative, λI ≥ 0, which is true
for all known closed Ricci-flat manifolds, these can be put in the form∑
a
P1(λa/λa1)g
2
a1a1a < 0,
∑
a
Pj,N (λa/λa1)g
2
a1a1a ≤ 0, j = 1, 2, N = 1, 2, 3, . . . , (4.4)
where P1 is linear and Pj,N are order-j polynomials. We schematically plot these polynomials
in Figure 4. Together these sum rules imply that for each a1 there is some a
∗ such that ga1a1a∗
is nonzero and Pj(λa∗/λa1) ≤ 0. These conditions give nontrivial constraints on the masses and
interactions of KK fields that can be qualitatively understood from the plot in Figure 4. For
example, from P3,N we deduce that every massive excitation of the graviton with mass m must
couple to a heavier excitation with mass less than or equal to 2m. This gives a sharp bound on
the allowed gaps in the KK spectrum of the graviton, which also applies to compactifications of
string theory on Calabi–Yau manifolds, and rules out the possibility of integrating out all but a
finite number of massive spin-2 modes to obtain an effective theory with a strong coupling scale
that is parametrically larger than the masses. It translates to an upper bound on the ratio of
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consecutive eigenvalues of the scalar Laplacian on closed Ricci-flat manifolds with special holonomy,
λk+1 ≤ 4λk, which applies more generally to closed Einstein manifolds with nonnegative curvature
and nonnegative Lichnerowicz spectrum.
Figure 4: Schematic plot of the polynomials Pj,N appearing in the equal-mass sum rules. For each curve
there is some a∗ such that ga1a1a∗ 6= 0 and Pj,N (λa∗/λa1) ≤ 0. The intersections of the nonlinear curves
with the horizontal axis near the middle of the plot depend on the dimension N of the internal manifold and
tend to 4/3 as N →∞.
We have explored in detail how geometry achieves the nontrivial task of canceling the high-
energy growth of massive amplitudes that come from dimensionally reducing YM theories and
GR. Although the amplitudes of single particle states have relatively good high-energy behavior,
these theories are still equivalent to higher-dimensional theories and thus are nonrenormalizable.
It is natural then to search for theories that are well-behaved deep in the UV. While for spin-1
particles the low-energy dimensionally reduced amplitudes can be reproduced by a quiver theory
that admits a standard linear sigma model completion in four dimensions [23, 52, 53], there is no
known analogous completion for gravity [3, 54]. Partial UV completions are known in AdS and from
higher-dimensional massive gravity brane constructions [55–58]. However, a full weakly-coupled UV
completion for spin-2 particles seems to require an infinite number of massive higher-spin particles
[44, 59–62], as in string theory.
A related question is whether or not any partially unitarized theory of massive spin-2 particles
without higher-spin particles must correspond to higher-dimensional gravity with some compact
internal geometry. We found that any two-derivative theory with ∼ E2 amplitudes and no higher-
spin particles must have an infinite number of massive spin-2 particles with GR-like interactions
if it has one massive spin-2 particle, so such a theory looks suspiciously like a higher-dimensional
gravitational theory. It would also be interesting if there were “non-geometric compactifications,”
i.e. solutions to all of the sum rules that do not correspond to the eigenvalues and triple overlap
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integrals of any manifold. Perhaps something like non-geometric string compactifications [63, 64]
provide an example. In our CFT analogy, this would be like CFTs that do not have a Lagrangian
description (of which many are known to exist).
Lastly, pure YM and GR amplitudes have myriad interesting properties other than their high-
energy behavior, such as the existence of CHY representations, recursion relations, the double
copy, and soft theorems, which have been intensely studied, often using dimensional reduction—see
Refs. [65–67] for some recent reviews and further references. It would be interesting to further
explore how these properties manifest in the lower-dimensional amplitudes of massive KK modes
in generic compactifications.
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A Bounds on eigenvalues
In this appendix we briefly review some results about eigenvalues of the scalar Laplace operator, ∆,
focusing mainly on closed Riemannian manifolds. For some reviews of this subject, see Refs. [68, 69].
A.1 Weyl’s law
Weyl’s law describes the asymptotic growth of eigenvalues of the scalar Laplacian. Consider a closed
N -dimensional manifold N and let n(λ) be the number of eigenvalues of the scalar Laplacian less
than λ including multiplicities. Weyl’s law states that
lim
λ→∞
n(λ)
λN/2
=
V
(4pi)N/2Γ
(
N
2 + 1
) , (A.1)
where V is the volume of N . This implies that the spectrum determines the dimension and volume
of a manifold. Weyl’s original result was for Dirichlet eigenvalues on bounded domains in RN [70].
A.2 Estimates of the first eigenvalue
The spectral gap of a manifold is defined as the first nonzero eigenvalue, λ1. While the spectral
gap can be freely adjusted by rescaling the metric, there are many results bounding it above and
below in terms of other geometric quantities. Here we mention a few of these bounds.
Consider a closed manifold N with dimension N ≥ 2 such that the Ricci curvature is bounded
from below by a positive quantity, i.e. for all vectors Xm we have
(N − 1)κgmnXmXn ≤ RmnXmXn, (A.2)
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where κ > 0. The Lichnerowicz bound then gives a lower bound on the first nonzero eigenvalue
[37],
Nκ ≤ λ1. (A.3)
Obata showed moreover that equality holds in Eq. (A.3) only for manifolds that are isometric to
the round N -sphere [38].
We can prove Eq. (A.3) by considering an eigenfunction ψa with eigenvalue λa and evaluating
0 ≤
∫
N
(
∇n∇mψa − 1
N
γnmψa
)2
≤ (N − 1)λa
N
(λa −Nκ) , (A.4)
where the final inequality comes from integrating by parts and using Eq. (A.2) together with the
fact that ψa is an eigenfunction. For an Einstein manifold, the Lichnerowicz bound gives
R
N − 1 ≤ λ1. (A.5)
Another lower bound for the spectral gap, valid for compact manifolds with nonnegative Ricci
curvature, is given by the inequality [71, 72]
pi2
D2
≤ λ1, (A.6)
where D is the diameter of the manifold, i.e. the supremum of the lengths of the shortest geodesics
connecting any two points. This is saturated only by the circle [73], so the inequality is strict for
N ≥ 2.
There is also an upper bound on the kth nonzero eigenvalue λk for N -dimensional compact
manifolds with nonnegative Ricci curvature due to Cheng [74]. This says that
λk ≤
4k2j2N/2−1,1
D2
<
2k2N(N + 4)
D2
, (A.7)
where jn,m is the m
th positive zero of the Bessel function Jn(x). For k = 2, we can combine this
with Eq. (A.6) to get a bound on the ratio of the first two nonzero eigenvalues on compact manifolds
with nonnegative Ricci curvature,
λ2
λ1
≤
16j2N/2−1,1
pi2
. (A.8)
The first few values of this upper bound are given approximately in Table 1.
N 1 2 3 4 5
16pi−2j2N/2−1,1 4 9.375 16 23.80 32.73
Table 1: Approximate values of upper bounds on the ratios of the first two nonzero eigenvalues of
the scalar Laplacian on N -dimensional compact manifolds with nonnegative Ricci curvature.
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A.3 Constraints on all eigenvalues
We now consider some results involving multiple low-lying eigenvalues.
The first result is due to de Verdie`re [47, 48]. It says that given a closed manifold N of dimension
N ≥ 3 and any finite sequence of non-decreasing positive numbers,
0 < λ1 ≤ λ2 ≤ · · · ≤ λk, (A.9)
then there exists a metric on N such that (A.9) is the sequence of the first k nonzero eigenvalues
of ∆. This shows that the low-lying eigenvalues on a general closed manifold with N ≥ 3 are
essentially unconstrained. Only by making additional assumptions about the manifold can we
hope to find non-asymptotic constraints on the eigenvalues, as in the Lichnerowicz bound.
The next result we mention is the Payne–Po´lya–Weinberger conjecture [75]. The extended con-
jecture is that the eigenvalues of the scalar Laplacian on a bounded domain Ω ⊂ RN with Dirichlet
boundary conditions satisfy
λk+1
λk
∣∣∣∣
Ω
≤ λ2
λ1
∣∣∣∣
N−Ball
=
j2N/2,1
j2N/2−1,1
, (A.10)
where equality occurs only for the N -ball. Approximate values of the upper bound for the first few
values of N are given in Table 2.
N 1 2 3 4 5
j2
N/2,1
j2
N/2−1,1
4 2.539 2.046 1.796 1.645
Table 2: Approximate values for the maximum ratios of Dirichlet eigenvalues for some N -
dimensional balls in Euclidean space.
The case k = 1 of the conjecture (A.10) was proven by Ashbaugh and Benguria in Refs. [76, 77].
While this result does not directly apply to the compactifications we consider, we review it here as
a useful comparison to the eigenvalue bound (3.58) for closed Ricci-flat manifolds with nonnegative
Lichnerowicz spectrum.
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